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Thomas Butterworth Bay ley ,Efq; 

OF HOPE, 

FELLOW of the ROYAL SOCIETY. 

| SIR, 

^ JT gives me the higheft Satisfaction and 
i JL Pleafure, that you have condefcended 
^ to receive this my firft Eflay under your 
Qv Protection. And all who are honoured 
with your Friendfhip, and are acquainted 
with your fuperior Knowledge in polite 
and ufeful Learning, in which you have 
^ juftly included the Science of Numbers, 
will be fenfible of my Happinefs in be- 
ing thus permitted to addrefs you. 
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Wifhes, I could with Pleafure dilate 
on .Jjbofe many excellent Qualifications, 
adoftied with tne utmoft Good-nature and 
Humanity, which have rendered your 
Character fo confpicuous. But, as I well 
know I fhduld fail in the Attempt, the 
©#ly tJfe I can make of this Opportunity,, 
isj to tfcftify iny Regard to fo generous a 
Patron, by publicly acknowledging the 
many Favours which I, however under 
ferving, have received at your Hands ; 
and which I fhall always remember with 
the fincereft Gratitude. I am, 

Your mod obliged . 

And obedient Servant, ' 
1 HENRY CLARKE. 
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WHEN we confider the Excellency apd ftjpqrior 
Ufefulnefs of Decimal Arithmetic above all o- 
ther Kinds 6f Computation, we lhall readily allow* that 
an Attempt to reiidcr die more intricate Parts thereof 
ctear and intelligible, not only merits the peculiar Atten- 
tion of thofe concerned in the Inftru&ion of Youth, but 
is particularly ihterefting to all others who defirtf Accu- 
racy in their Calculations ; and is therefore fo far from 
being an unneceffary Work, that it appears to be of the 
greateft Utility. But as I am fenfible how extremely 
difficult it is, evert in the beft Performances of this Na» 
ttife, to efcape the Malevolence of thofe, who fancy it 
their Intereft to keep others in a long Dependence on 
themfelves ; I {hall beg Leave to obferve, that I fhall be 
well pleafed, notwithftanding their Cenfure, if my De- 
fign meets with the Favour of the Candid and Ingenuous, 
who, I am perfuaded, upon a fufficierit Perufal, will 
acknowledge, that the Method here purfued is not only 
new, but that it is attended with all the Perfpicuity the 
Subjeft can admit of. 

, :i The principal JDefign/then of this Treatife is, to re- 

tfehch all thofe Superfluities (sis I may call them) which 

- ■ , Cunh 
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Caasiiiod'Othcrs have loaded the Theory of Circulating 
4 Decimals With ; and to fcew, thlt the whole Bttfinfcft 
deptikls upon, or may be deduced from, this one fingle 
Operttion, That *f finding 4 finUt Vulgar FraBion tqui- , 
vsknr^a anwfinitt Rtye/Uing Decimal This being once 
underftood/the R&Tiomrle of all the Rules will be obvi- 
ous ; ahd the Pupil will then go oh, net only with Plea* 
fure, but with Spesed ; For as the Man, who is engaged* 
in a Race with every Qbftacle removed from his Courfe, 
has undoubtedly the Advantage of him who muft turn 
and wind to get clear of the Impediments 5 fo not only 
in this, but in every Art and Science, when Difficulties 
are removed, as well, as a concife general Rule pointed 
out, the Mind's chief Labour is accomplifhed. So Ho- 
race feys* 

<jj)uicquid precipes, efto brtvis : ut citb diffa 
Peropiant animi deciles, tentantquc fideUs. 

Yet that I might not be thought to affe& an unintelligi- 
ble Concifenefs, I have confidered every Rule diftin&ly* 
illuftrated them with proper Examples, and given the 
Inveftigation fymbolically •, by which the Scholar may 
at one View comprehend the whole Procefs. 

1 

A Queftion may poflibly arife with fome, what Ad- 
vantage will refult from a farther Inveftigation of the 
Nature of Decimals ? Have riot the moft eminent Ma- 
thematicians written profefiedly on the Subjeft, and done 
all that was ufeful or curious therein? In anfwer to 
which, it will be neceflary to take a retrofpe&ive View 
of the principal Authors who have treated upon Deci- 
mals; 
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ma& ; jfrom whqnocrift will : clearly appear^ thfet'thcteia 
Ml:Rd6m fbriardier ImprcwcBbcnt. The ficft Specimen 
of Decimal Arithmetic that we meet with, isinitheiAAro* 
nomical Tables of Araachel, a Moor, who was very emi- 
nent in Spain about the Beginning of the elerench Gen* 
jury* They are adapted to. the Meridian of Toledo v>^nd 
as they are calculated for the Arabian Tear of« 'the Hegira, 
were probably originally written in Arabic: ThePcrftans* 
Moors, Arabs, and Saracens, being about that Period very 
famous for their Knowledge in Aftronbmy. In thefeTai 
fefe$» the Places of the Heavenly Bodies are denoted by a 
ceniifmal Divifion of the" great Circles pf the Sphere, toy 
Wh*<*h the Arabian Algorithm of Numbers was better ac* 
commodated than the Greek or Roman literal Notation 
which had been hitherto made Ufe of for the Egyptian 
Sexagcfms in the Aftronomical Tables of Ptolemy, Alba- 
tegnius, Abenazra, and other ancient Writers. Gerard 
Voflius informs us alfo of a Treatifc entitled De Algorithm 
moy written by Johannes de Sacro Bofco, about the Mid*, 
die of the twelfth Century, who made Ufe of a centefmal 
Notation for the. Extra&ions of the Square and Cube 
Roots. About the Year 1460, John Muller, fometimes 
named Regzomontanus, publifhed his Book De Triaqgu- 
lis j in which he had conftrufted a Table of Sines to the 
Radius 10,000,000 v an Account of which may be feen* 
in the Opus Palatinum de Triangulis, by Otho apd Rheti- 
cus. , The next Injpjwement in this Part of Arithmetic* 
w;e find in a Treatifc entitled Arithmetka Mmorativa* 
cpmpofed in Latin Verfe, by /William Buckley, about 
tfie Year 1530, wherein he has given a Rule for e3ttra<9:- 
ing the Square Root of a Fraction •, the Operation being 
nearly the fame with the prefent Mode of extra&ing* the 

Square 



\ . 
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Sqwm'Root of a Surd Number, excepting that it \* 
feinted to a certain Number of Cyphers : The Rule, as 
eom&ed by Dr, Wdlis is, 

. PrtxkBH $y*dri r Radix, ptr nftfk fectfur. 
htigra fat g&tfiw \ &? pars ifa nfiamanejdt, 
Jladki Ht vsere m pars mUeffima dtfit. 

The Denominator being written under tliis Number t 
$xprefles the Square Root of the Fra&ion. Afterwards 
Jfeter Ramus, in his Arithmetic, written about the Year 
W?* and published by Schoner, fliews the Method of 
approximating to the Square and Cubic Roots of Surd 
'Quantities, by. adding Punctuations of Cyphers, exa&ly 
in* the Manner we now pradtice. But the firft Treatiie 
written profefiedly on this Subject, was publiihed at Ley- 
den, 1585, by Simon Stevens^ entitled DISME, or De* 
cimals \ which he tells us in his Geography, he believes 
•to have been in Ufe among the Indians, and other Eaftern 
Nations, long before the Sexagesimal Notation wa$ irv 
xroduced by Ptolemy, in the Time of M. Aurelius. At 
jter this Time, Decimal* began to be frequently ufcd ir> 
.Arithmetical Calculations, and were particularly much 
advanced by Briggs and Gelljbrand,.in their trigpnomtri* 
Britannka ; by Oughtred, in his Qlavis Mathematics de- 
nua limata ; alio Wingate, Baker, Kerfey, wd fevergl 
octer Author* of lefe Note, all contributed tQwards their 
. Perfection, in their different Treatiie* pf Arithmetic, 
Yet we do not find, that any Regard had been, paid to the 



* # Referring to the Proiuft of the Numerator and Denominator, 
mentioned in a former Rule, 

Nature 
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Nature of Infimie Gradating Decimals before Dr. Wallis'i i 

•Time. He was, fci all probability, the firft who diftinff- i 

lyconfidered this curious Subjeft, as Ijehimielf. informs \ 

tls irt his Treatife of Infinites. But he has neither given j 

the Demonftrations, nor fhewn their Application. The 
latter of thefe Defe&s, Mr. Brown, in his Decimal Arith : 
metic, and afterwards Mr. Cunn in his Treatife of Frac- 
tions, attempted to fupply, by giving Rules for their 
Operations. The. former indeed has done this only iri 
one fingle Cafe ; but the latter has extended it to all 
Cafes. But as thefe are alfo wanting in the main Point, 
namely, a Demonftration, and are moreover defignedly 
exprefTed in fuch a Manner, as to fee the Rationale df the 
Thing as far out of View as poffible ; it is neceflary that 
either the Memory muft be loaded whh every Rule, or tlid 
Book be continually at Hand. Several other Author^ 
have treated on Circulating Decimals. Martin, in his 
Decimal Arithmetic, has given fome pra&ical Rules^ but 
'hath not fufficiently demonftrated them. Emerfon, iri 
his Cyclomathefis, is excellent in the Theory, but has 
omitted the practical Part. Pardon, Vyfe, Thompfon; 
arid fome others* have alfd touched oh this Subjeft ; but 
afrthey all feem to have borrowed from Cunn, they are 
in the fame Prfedicameftt. Malcolm and Donn are the 
only Authors I know of, who have treated the Do&rine ' 
of Circulates in an intelligible Manner. The principal 
Gbjeftion to the former is, that he is too concife, refer- 
ring conftantly to the Rules for Vulgar Fra&ions, by 
which that Perfpicuity, which is the very Eflcnce of a 
demonftration, is loft ; and the latter has omitted feveral 
Cafes in Multiplication and Divifion,-, which frequently 
Occur in Pra&ice, and is alfo too cuffory to afford the 
. * Learner 
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Learnq- a proper Idea of the Sulysft. AH oiv later .Bopks 
Qf Arithmetic pafs by theDo&rine of Repetends unnoticed. 

I mutt here bfg /*ny Readers not h%ftyy*to, impute Ar- 
rogance to me, a$ if I seje&ed ail that has been doneoa 
this Subjea, or fupppfed myfelf capable of what fo many 
Men of great Parts and great Learning feem to have come 
{hart qf. For I acknowledge myfeif indebted to moft of 
t^ Authors I have juft mentioned, particularly to Mai- 
coin* and EmeYf^n, who have furnifttfd me with feveral 
ufcful Hints. And yet I can juftly make the fame Ok- 
fervation with the former Author, namely, That " the 
Rules I -have given are chiefly the Effeft of Speculation" 
made fojpe Years ago on this Subject, before I had feen 
his Syftem of Arithmetic, or even .any of % the before-men^ 
tioned Authors. 

It is not impoffible but an Objedion may^be rwfcd by 
others, who have never adverted to the Subject propofed, 
as that this part of Arithmetic 'is of little or no no Ufe, 
finqe* all Decimal Operations may be perfbrme4 fufficknt- 
ly ©ear the Truth without it. Thefe Perfcrts I Ihall refer 
to the Pra&ical Queftions at the latter ehd of this Trea- 
tife;, and only here obferve, that fhofe Inftances, among 
innumerable others which might be produced, ferve to 
fhew, that the common Way is very defe&wr*, though 
carried out to feven or eight Decimal Places* and that 
the Method of Circulates is absolutely neceffary, vtom 
any Degree of Accuracy is required. The Want there*. 
fore of a Tneatife femewha* of the following Kind, which 
fliQUldatonceibew the particular Properties of Repott- 
ing Decimals, and the Investigations of the Rules for Ope- 

ration 
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ratfdi* from $ne ctrtain get&d principle, Aaturally g*veOc- 
cafion to the following Sheets* For as/P had frequently 
obferved in- the Courfc of Teaching, that Youth, by their 
not feeing the Keafon of the TKiAg, c6ul& not long retain 
tfceKttletfin then* Memory, I endeavoured 00 dtfm6nl^?rate , 
tfitfm* v&va voce> and tfh*n obliged A* Scholar tfo give the 
Itfveftigatibn hirtfetf «* yir#p#0 j by which I could eafily 
difcem whether hd f lifly comprehended the Nature of 
thetti. But as tft* Inv*ftigatk>A and Rule given by the 
Pupil 1 were generally too prolix and ineorreft tobfe inferted 
iA thfeir Cyphering-books, I drew up the following 
Sketch, as a general ,Form by Whteh they might correft 
theirs, if nfeceffery. By this Method of Procedure, I have 
thte Pteafore to find, that a Boy, who is tolerably acquaint- 
ed With the common Rules in Arithmetic, will readily ac- 
quire as clear a Knowledge of the Rulfcs for Circulating 
Decimals, as he has of any common Operation in Whole 
Numbers. 

But as the Operations of Circulates fas well as all other 
Arithmetical Calculations) are mod eafily performed by 
Logarithms, I have fhewn the Method of finding, the Lo- 
garithm of any Repeating Decimal ; whereby the whole 
Bofiaefs.is gretdy facilitated, and the Difficulty and Intri- 
cacy of die Rules by Common Arithmetic avoided. And, 
fygi the Amufement of fuch Pupils as have touched on 
tht firft Principles of Algebra and Geometry* I have in- 
ierted a few Queftions, chiefly Originate* with their Solu- 
tion v and feme are given without Solutions, which are 
intended for the Exercife of thole that are farther advan- 
ced I have aMb-addbd feveral Remark* on thofe Parts 

. ;...-.. Of 
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of the Mathematics which £beBM& the young Reader tq 
, he rather obfcure, namely, On Cardan's and Cplfon^, 
Theorems for Cubic Equations, wherein a very clear, 
apd concife Rule is given for extrafting t{ie Cubic Root 
of an impoffible Binomial ; by which Cardan's Theorem, 
i§ rendered generally ufeful, in finding the Roots of a^ 
Equation when they are all realj a$ well as when th£rc i$ 
hut one real and two imaginary— On the improbability of . 
obtaining general Formula for the Surfalid and other ■ 
higher Ecjuitions— rQn the Method of tabulating Literal 
Equation}, illpftrate4 by Examples ; from whence, the^ 
Reyerfion of a Series, however affcfted with Radicals 
may.bp eafily performed— rOn the direft and inv/srfe Me-, 
thod of Fluxions, wherein the Principles are fully ex- ; 
plained, and by avoiding all Metaphyfical Confutations* . 
rendered clear to the loweft Capacity, The whole Rufi- 
nefe of finding Fluxions is reduced to one gener^LRule v 
and die particular Forms of fluxionary Exprefiion& are fo,. 
diftinguifhed, that the Learner may almoft immediately 
determine in what Manner the Fluent may be obtained— 
On the Correftion of a Fluent, and the Reafon of it-^-On 
Trigonometrical Fluxions, with their great Importance' 
in Aftronomy-r-On the Phenomena of Saturn's Ring* 
being a new and curious Analytical Solution of the Pro- 
blem refpefting the Times of its appearance and difap- 
pearance ; whereby is alfo exhibited a new Species of 
Curves, &c. which is extra&ed from a Treatife juft pub- 
lifhed, .entitled, EJfai fur Us Pbenomenes relatifs aux dip- 
pmtions periodiques de Vanmau de Saturne; By. M. Dionis 
du Sejour, Feltbw of the Royal Societies of London and 
Paris, In the Regifter of the Royal Academy of Sciences 
at Paris, for 15775, we have the following Encomium on 
• # this 
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this Work, Tels font les objets queM. Dvt S^jpur a traites 
dans fen Ouvrage •, et Pon voit qitil if a ritn laiffi <L iefiref 
fur la tbeorie des pbafes de Varmeau de Sdturnt* V elegancy 
lafinejfe et lafimpliciti des mHbodes dm il a fait ufage, ren- 
dent cet Ouvrage irhintireffant pour les Geometres-, et la 
difcuffion des Phenomenes depuis 160a jufqtCen 1900, le 
rend nkeff aire am Afironomes qui voudront dans la fuite el- 
4 ferver t avec prkifion ces app^rencesy ainfi nous crayons qu*il 
merit e d'etre imprime avee I* dp probation et le Privilege de 
F< Academe. Signed by M. M. d'Alembert, Le Cheva- 
lier Borda, Bezout, Vandermonde, M. dc la Place, anyl 
Jean de Fouchi ; feme of the greateft Mathematicians 
now living**. — I havealfo added fome'new and ufeful 
Geometrical Eropofitions ; and, laftly, have given a Ca- 
talogue of the moft approved Authors in the feveral 
Branches of Mathematics, Philbfophy, and Aftronomy 5 
from which are feletted thofe that are generally efteemed 
the moft ufeful, ' and ranged in the Order they may be 

read 

* In this Treatife of Sejour <s we x»cct wick tke following Para- 
graph; which, as it may, perhaps, convince thofe who {till doubt 
the Exiflence of Saturn's Satellites, l have taken the Liberty to in- 
fort^Le quatrieme Satellite fut d'abord dkoumert par M. Huyghens % le, 
25 Mm 1655. Let quatre autre $ Satellites ont ete de converts fucctjfive- 
" went par Dominique Cafiini ; le cinquieme fur la Jin d'OSobre 1671; le 
troijteme le 23 Decembre 1 672, le premier et lefecond en 1684. Les 4n?~ 
\ hjs con't eft erent long t ems Pexijlence de ces Satellites, Ce ne fut qu'en 

I 1718, que M. Pound ay ant ele<ue audeffus du docker de fa Patoiffe r V ex- 

cellent objtfiif de cent <vingt trois pieds de foyer, donne par M. Huygens a 
I la Society royale, on, fut affure pour la premiere fois en Angle t err e, qui, 

\ Satumt a<voit rhllement cinq Satellite*. « Lors de leur decouverte, M* 

CaJJini les avoit nommei Aftra Lodoicea, par allufifn 4 Lout) Xl£ r a\ 
j Vexemple des Satellite's de Jupiter, que Galilee avoit nommes Aftra Me- 

i dieea. I? on fit frapp er en Trance tine Medaille pour confacrer cette dt~ 

j cou<verte'\ la Medaitk repnfentoit Satume accompagne de fei cinq Sat eh 

j lites, avec T exergue fuivante , Saturni Satellites primual cognyi. 
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jead by the young Student to the moft Advantage. The 
known and received Terms in the Circulates I have re- 
tained* except in one or two Inftarices, where others offered 
themfeives which feeawd much more fignificant;4»-leMhe 
wprds PureCompotmd and Mixed Cempoundf*hkh evidently 
carry in them an Air of Abfurdity, I have fubftituced Pure 
Multiple and Mixed Multiple* And for the greater Ele- 
gance and Perfpkuity in the Operations, I have made ufe 
of, the common accentual Da(h over the Repetend ; by 
which alfQ that Illegibility of the Figures, often caufed 
tyy the other Method, is avoided. 

The Succefs I : have met with in my own School, by 
tiling the following .Rules for Circulating Decimals, and 
tfceir Iflveftigatioiis, together with the Utility of the Ma- 
thematical Remarks, in rendering thofe intricate Affair* 
extremely eafy and intelligible to the Learner, and I may 
with fome Truth add that trite Apology, the Solicitations 
of Jeveral of my Friends, have induced me to publifh 
them. And as I can manifeftly have no lucrative Views 
by fo fmall an Affair ; lb neither have I any great Anxiety 
about its Reception. Should its Ufefulnefs to either 
Mafter or Scholar be a Reafon for- its furvfring the At- 
tacks of a carping Zoilus, I have acknowledged already, 
it would be no unpleafing Event. Should the contrary 
happen, I muft (as Mr. Harris obferves) acquiefce in its 
Fate ; and let it peaceably pafs to thofe deftined Regions^ 
whither our modern Productions are daily pafling : 

■ ■ i n vicum vendentem thus £s? odores. 

Hor. Lib. ii. epift. u 
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CIRCULATING NUMBERS. 

SECT. I. 

The Theory of Circulates. 

* • A Circulate, or recurring decimal, is that whereto out 
-XX or more figures are continually repeated : they are 
diftinguifhed into fingle and multiply and thefe agaia into 
pure and mixed. 

2. A pure fingle circulate » that which repeats a digit only ; 
as *666 &c. and is marked thus -6. 

3« A pure multiple circulate is that in which fereral figure* 
repeat; as '642642 &c* marked ^642, 

4, A mixed fingle circulate is one which confifts *>f a 
terminate part, and a fingle repeating figure; as 4*333, &c, 

€>r 4-3, 

5« A mixed multiple circulate is that which contains a tcr- 
Pilate part and fcyeral repeating figures; as $6*$2$* 

6, Tfat 
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. 6. That part of the circulate which repeats is termed the 

i * ' ' * ' 

repetend; as in 2*6, and 34*64.3, 6 and 643 are the refpeftive 

repetends. 

7. In any pure circulate, the whole repeating part, being 
continued ad infinitum, is equal to a vulgar fra&ion, of which 
the numerator is the repeating number, having the decimal 
point removed as many places to the right-hand as there are 
figures in the repetend, and the denominator an equal numbe?. 
of nines. For in the pure multiple circulate '325325* &c. 
fine fine, if we put rzz the repeating figures -325, and czz th© 

whole circulating part, and from e take the -. — part of it* 

1000 

felf, we 0*11 have c— JL~ = -325 =: r ; that is, ' 

^ 1000 • * 

From '3*5325, &c. sr e 

Tak* "900325, &c. = _£— 
» 1000 



Rem. -325 = c — -1— = r $ but e >— — 1_ 
1000 1000 



^xi-r— = * x IOO °- 1 = ,x -222.; hence 

1000 v 1000 . jpoo , 

> s= l0 °° *L1£1=3£5='32S32S> fcc. *rf /»/«//*/», where 
* 999 999 ' 

there.are as many cyphers and nines as repeating figures; which 
procefs evidently holds good for any. pure circulating numbers, 

Examples where the circulation begins in the integral 

part, 
« / > ' ' 37o , x ' ', 2060 , N / , / 

**• ( l 0- 3 # 7 ^> ( 2 ro6 y *— r. (3,) 42-63 s 
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Examples where the t\r dilation* begins with the prime 

decimal, 

(4.) -064 = j-t. (5.) -0083 = —2., &c 

v ' 999 . -999* 

Examples where there #r*-Oyph(?r$$ »&#£ *fo »*/ repeat^ 
betwixt the decimal point and the firft Significant figure. 

Exi (i.J *04 = 4* £2.) .006 = -^-i (3.) '60626 =r 

8. Hchcc if the repetend' (punftuated according to its 
places) .he %*£<$ by. as'many : ninis 6i there ire repeating 
figures, the quotient will give the whole circulating part, and 
the fra&ion is a finite expreffibn for the feries infinitely con- 
tinue 4 



i 



*<£ 



- * ♦$• TIen&ifiWahijr fiuriiber be multiplied By an unit mdi as 
-mzny Cyphers annexed as it contains places* andth*n .divided, 
.by,as m*ny. nint( f) it; ^t^eepmes: a circulate; which is fingkrot 

ixw^ltiple according tO) the places in) the given numbtfr^ and 
4>ure or mixed as we uke gie wboleor part of the given prober 

for a repetend. 

. — : Pure Circulates 1 ; , r 

v • ...; ■.•■•■ ,\ : ■ "i ' ; • • - 

r Example j, '• 

; » 6 x f6 = 66j and 0)60.(6.66$, &c. 



"1 



a B,ATi3pK4t^ or 

• - Example *♦ •, . 
> *6 x to == 3, and '9}6(*666> &c. 

a4 x loo "as 2400, and 99)24°P(*4 ? 24i24> &*► 
Example 4* 
; *a£4 x iqoo sr 134, a^99)234^*34>*34» •*» 
Mixed Circulates. 
: Eacartpta $. ' 
" 4'2& x io is 42^ an(J 9)4r6(4»7iS3> **♦ 
Example 6» 
347 x kk> =. 3*790* and ^9)^t7o«)C33iS#s>»3^ &?* - 

Example 7. 
♦2071 x 1000 =: 207*1, and 999)ao7*i(*2073 9 o7j > ftc» 

to. Since - a ^666* &c. ^ =1 ^Mttfr Afr &>***«» 

*hat *666>3tc. x 9 3= 6; ♦*34ft34» &c* * 999 rt 234; 
iron whence it appears, that if any pure cimikte be multi- 
plied by as fiiaay nines (eonfidered as decimals) l^itHsontiohs 
ftats, the refiilt will fee the fame number t«mfl«je *ad ttr* 
annate, 

11. And finee ^ a 1 ~*i, ^99 s= 1 ■— -Or, ^999 rr 1 
— •qoi,. &c. it follows, that if any circulate be divided by 
lO, 200, &c. according to the place* of the repetend, and the 
quotient fubtra&pd from die given circulate, there will remain 

" ' tic 
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tiie fame number, terminate and ctyft£lct^ &atcopf$:ute^the 
repetettdt 

1 «t,i«t Sample i. ■ i_". ' 

*ft,6j£~&%H4- i(36o = •000674674, &c* 
Tfan fron^^!«4674674^ &c. 
take ^06^46 74* &Ci 

there remains '674 * the repeteod complete 

- • * •• 

Eicainple a* 

3737, &<!• * 10b £ •OS**/* &c> and $737*— > ^3737, 
Ice, at ^7. 

*oo666, &c. 4- 16 zz -0096^, fcc* and •o066 i &c* — 
*OOo66, &e* =r # o66* 

i2i A vulgar fradfon* of which the denominator is any 
number of nines nbt left than the ntimber of ^igiuficant figures ' 
in jhe numerator, is equal to a pure circulate, its repetend 
being the fignificant part of the numerator* And for the 
pun&uatUm pbferve* when the numerator and denomiaptor aje 
Integral* if the places of the former exdeed thofe of the latftqr* 
the excefs is die number of integral, places in {he circulate ; but 
if the places fd the tatter exceed thofc of the fonner, the. ex- 
cefs fhews the number of cypher's to be prefixed ittthe numerator 
for the rep* tend; and tf the (daces of both are equal, the 
circulation begins with the prime decimal* if the numerator 
confift of integers and decimals, or decimal! only, there will 
be as many terminate cyphers atdcckttil places, prefixed to the 
numerator At the circulate. '-' ~ 

• : Ba: JBx, 
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»• • ■ ■ ■ ' 

2060 , , . 426300 , , 
Ex. (t.) ss 2*06. * (4.) = 4263. 

999 9999 

(3.) = -674. (4.) = '0083. 

- .999 . . _ - ■ 9999 

.06 ', . - 7-06 '/ / 

(50 — ■- = -006.. . (6.) = -00736. 

9 999 . 

The truth of which appears from its being plainly the re*- 
verfe of Art. 7. • ' 

13. Tf. the numerator of a Vulgar fraction cooftfts of com- 
plete repetends, and the denominator hath a * many nirus as 
the figure* in the numerator, one period of the repeating 
figures is equivalent to the whole fraction. 

- 2626 v ,-.,-, . m ; -,, 

Ex'.(.l.)~ — = -2626 (Art. 12.) which is evidently =*2&. 

9999 " ' " , 

434*3 ,,..,, 

(2.) — — - -04343 = -043. . 

9999 . 

14. Tfa vulgar fraction -hath a repeating numerator, and the 

- denominator as many nines as fignificant figures' in the rcpe- 
^end, that fraction is equal to the fum of two or more' other 
•fractions, which may be turned into circulates by Ark 12. 

• ' 4646 4600 46 ,/'// 

- Ex. (1.)— ^— = 1- — = 46*46 + -46i ' 

.. -99 99- S9 - • ' 

• • • 320320' '■ 320OOO '-'320 C ' ;■/ ■ //• ! 

(* X-r- . ■=? ■ !, :. -*,-~t =3.3 2 3r32 + , 3*- • 

-..- 7 • 99 99.. ,,»: 

5.. '.(. --•:• 454*5... 4SP-4\S lt ■*#-•• •:-•-: 
(3.) — ^- = — + — 5: 4-5 + ;o 4 $. ... . 

99 99 $9 . 

. H l $' A 



1 
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^5. A vulgar fra&ion, of which the numerator is unity > and 
denominator any number of mags, is equal to an infinite ferie* 
o^fra&ions, tbp numerator of the firft term being an unity and 
denominator as many cyphers as there are nines in the given 
fra&ion, with an unit annexed ; and the fucceeding terms in 
a geometrical progreffion, of which the common ratio is the 
fifft.tegm.'.- 

: Thus *'£=-I 1 1 1 V, &C. — ^j+^-f T J 5 ! W &C. 

JL3=r # OIOI0I« &C. — -Jt-n •!--.- * -~ M 4--_ M : ' _,. ,_« 

\ • / ,* * •' ' c ' • ' 

1 6. From whence it follows, that any circulating decimal 

may be confifcrfed as qonMing#f aferiesof fra&ions, of which 
the numerators are -the repeating number, and the denomi- 
nators an nnit\ with as many cyphers annexed ati exprefs the * 
local yak* gf th* xtpeteod* 

Exattpje'i, » 
•£=:-666,&c. = — + -4- +- i 4r,&c =-6 + -o6 + 

: ■ IO lOO ' IOOO -r ww-r 

•006, be. . .' , .. 

Etample a, 

*** ~ 155+ 155? &c# = ** 6 + §0 ° 46 + ^o ^ &c - 



>° 



B 3 Example 



L 
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Baftmpfc 3. 



From whence it is alfo evident that any circulate^ as 2*3 will • 
be e$ial 2rf- -3 =: 2 + *3 + '03 + -003, &c. jpr, 4*62 1 xs 

4'6 rf- X>2I = 4*6 + -021 + 00621, &C ? 

• *f. ^The ftfiii of an infinite ferSS of mn$\ \$ eqtL*Ua unity iq 
the next left-hand .pbfce.* tjioa^ '-$99, &c. s^ r i K 'o$9&> &c/. 

= •!, '00999, fa, == -01, &c. For it is evident *o T=— J 
Wftritfe only w.of *»%,; ^99 *r?nts JL, aitf 15^99, wiup%t 



IDOO 

the difference between that feries and vmif Wcfuld be ecjtfal tt^ 
an «»// divided by infinity ; which, from the do&rine of in- 
finites, is known to be cquid Mfbikg* 1 

1$. Hfcnce it appear^ thgt arfjr pure circulatp, bfingrrtul- 
tiplied by ks many tuna is the** are- Repeating figures, vvity 
always carry the repetend to the next left-hand place, 

£*attgta 1- 
•j&66 j<9 =: 5:999, &c. =? 6. = ♦$ x 9 + •$. 

Example 2. ; 

<;:44r*4t &c ? * 99 = a3 # 999* $ c * = 2 4- = # *4 x 99 + 'H* 
* ' ?9. Th« 
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19, Thi ttafekitmg figures may be firppofcd to begin it 
any place in the repetend. Fit* ; 2'j4*34*» &cu ia evidently = 
*34*_„-4a3 " ._ 2 34_,;' 34a * r 
999 *999 ^999 f 999 

20* The repeating figure* of ap; circulating number may 
be confidered as confifting of twice*, b* thrice, that number of 
figure; or any multiple thereof* 

Thtfs in £'2434343' &c. the repetend 43 haying t. places^ 
may be oani&ercg as having I4, <fe &*. £l$pes. - lor inn;c 4JT« 

fuppofc4 to be r repeated^ evir 9t it is obvious,_th«tf $?a4£ =* 

5-24343 = ^434343^- .- 

a 1. Any number multiplied fcy an unit, with any number of 
tyfbm annexed,, <md race £tht{acted^; is npanilgftly tie iafo* 
as being multiplied by as many nine* as there are cyphers* For 
lOtf— *=:9<2, iooo*— ~£ :^999i. ^ ': 

aa. A mixed circulate^ fingle or multiple, is equal to. a 
vulgar fraftion, of which the numerator is the given number . 
rbultiplicd by 10, 100, iOM k fee, (according to the number of 
repeating figures) and iefSbittd by its terminate part, confidered 
in irt&Ai valu^i and deponjinatof is ftany*/*// as repealing 
figures. ^ 

Example 1. 

,.■.*"• * * 39 ' * r 

For 4-3' = 4 2, (Art.' ^ =f ^^f J b* 4 X 9 * * »' 
• B 4 4-3X9 



Ht .". f; RAT hP 8 A;LJ PJo ; i j 



4'3 *?. (A r *f I§0 .5?-4tf X- ,?P«t..4'8 £4ilferft*& S 43"ir? 
4'S = 43'^4^ 39 ^"^VsV ' "•-'• r i yr iifj ri '••- io - "" 



/ 

i 

? , = . . . 

99 



.00 - »>• 



s < - . 99. , . f 

For 5-^3 = 5^ f :o43 (Art. 16.) ss 5-2 |^ =s 

* ■• w-i ' . >. * M 5-* * $ ^;f3S ■« ***!*«* 94 \» 

^4<f x *x^^5^43 =V 2 4 f 3 — 5' 2 = ^ ; i,'.% J S-4l = 

5*9'* • * " ' " ' -; -\-A- -V:. ^.„ 

9? • 

trjQr Jtois, 5"fl4j' x. i^d^a*^' =* *-*-* (JEau iw);and%. 

. yiding by ip, wc have 5^3,^ ^ * " \ ; jm , ,-. o =: * -vot 

;* 0* *.7L'n-J 2i /:■: . - i to "^"'r' fc ^' ''- "•" * ^—'^ A .:~ 
Example i f „ . 

. -. I • ..n ruvh :?:h . ■ ?!i.' -)• * ,-T\ - f • i:> ,ic\:-.,it r :; .v 

* ••, \<>j t :i5.| it*." t •: - j.*:— '999- ' • '"• '••^ ir ;»';-•'■• i; *• -*: 

T- ft, .^^irtVese^ = : 2li2|5^2x^ 

__235*7 X IOO© — 200_2355PQ 

- 999 -\:9fl5|ff2s..'-: . 

Pr thus, 235*7 -T ioo ==*•«♦ = ^ (Ex. v) ;= (>y 
999,' v* 
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? 6 before ' '••<.> i-*!q •;..-..-.??? :.-;.• ; W*\y, 



.» T 



: Example 4*, , . 

For •23* jfiae •* + •<>« sz, •% <3-£ ~ ^V ^ s — 

#/ ....ij^ij i^Aicr, •/.; 'ivit: !iiv/ ,v»." ('•-..' . . * 

;?35 x Too~-^s ti: »rs~:^23-3 ■■ . - ...^ .. . c 

99 99 99 . „. ; . r. • 

Or thus, -235 x io =r"*.3>=r (ix. i.)2&{ which beine 

99 * 

divided by io giVCir v 2SJ±:'2^V^ before. 

Example c. 



•0274 = ^ 



" 99 • 



For -0274 = ? oa + -ooJi = « ^=^2±!L«22Z2; 

99 ' 99 

99 * 

Or, '0274 x 100 = 2*74^~j this divided by iba gives 

2-21 1 as before. 
99 

23. If the Denominator of a vulgar frafiion, (not repeating 
in .the. numerator) confifting of nines, have lefs places tb^n .the 
figniftcant figures* of the numerator; that fra&iotvij equal to 
a mixed circulate, of which the repetend has the fame places 

as 



1 
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at there are nines in the denominator $ and its circulate value 
*iay be thi» fotmtk Expunge jfcddnotabiatoib *nd amove die 
decimal point as many places to the left-hand as the** *r<* 
ninrs in the denominator; then daft off the fame number of 
fignificant figures for a rbpetend; and the remaining figures 
to the left will be the .terminate, part Add the terminate 
part to the numerator of the given fra&ion, obferving to en- 
create *be vight*hand place by I, if there be i carried in the 
addition, |fae fiim Ring daihed Tor « repetend, and flte decimal 
point removed as before, will give the correft circulate equal 
to the given fraftion. Ttic rcft&n of wbkh^ilcgidcnt from 
the laft article. v v 

Ejcamdfe u ... 

Ut £gl. • be proposed. , , 

\$9' <?..• ' ■ 

Which being ordered according to the rule will ftand thw ; 
"^~» 5i9*i> S*i9»» S\V* 5 *\9*» + S*a = 5*4*3 /. 5*243 

.29'. "'• ■ v.- ■•- ;. • v.! 

Example 2» 

g355°° * * ■' * > 

. r^T"? ?355«K>t *#>*3^+*» = ^5?©© •*• 2 357 

__ a35S°o V s 

~ 999 * * ; 

•. 'Example 3* • ;••*... 

V1% . ~*i ''•':" '7/ 2*7*' ' 

• — , %>7h •<»7a ? t'7? + m =-, »74 ♦*« **J4 =; "^v* 

'" • * ...» ' . . . j 

24. Any 
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«4< Aay circilaring number fating multiplied bjr i gium 
pwrfxy, the produft will be ft fitcirintibg number* pf which 
the repetend wB have die feme places a* before* For eeeiy 
repetend being equally multiplied awft produce equal pco« 
rfufts. . , 

Example !• 
*3 x 9 s *6 hence 6 > 

•666, tfc. =: •& 
BUL if the produ& conflft of more places than the given 



number^ the overplus belongs to 
jspetend 



the firft place «f the next 



Example a, " 

•(& x 4 3: 3*4, hence 14 ,., 
a 4 ^ 

a-666 &c = 2 # 6. 
Example 3." 



t 9 



'234 ^ 13 s= 3*o$fe therefore 
304a 
304* 

3 °4* 3. , ' . 

^45045,045 *c. = 3-045. 

,. t£. Any vulgar fradxon, of which the numerator and de- 
nominator are prime to each other (neither 2 nor 5) being re- 
duced to a decimal, wilf be a circulate^ and the places of the 

repetend 



V 
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repetend always lefs than the number of units in the dcnomi- * 
nator. For'it ia.cvideht, thi remainder i^vt^ysjefs tWh 
the divifa*} pne^fjwhictmuft! therefore return 4 r fecohd *«»fe/a 
when jhe*piotknt: confifbofa^ftiahy places' a* <fcc*e ate ;**i#k 
iivth^ (fiuifor, :if not'ibefore* •■ i .U. : >^ . i,;_;i 

Example i. 
Let the vulgar fraction ^b^propofed. ; 

28 J 



20 



,^ s)nJ»*£^/..L 



non-ri 



r: i.S 



*4 Here all the remainders we 1, a, 

^T . /?» 4» 5* 6, .one or ifchich (3) re- 

* * turns m the 7th place ; therefore 

— the repetend confifts of 6 places. * 

40 

3S 

SO 
49 

7 . 

3 &c. •.-••;•»•'• 

Example .%•:.' 
Let — be propofed. ;., -j . 

11)9*0(81,8/, v &c. Hew- the- remainders are 1, 2, 

% - - ' '•"3>**'$> i6 9 7'8, 9, ioj and 

, r . , as one of them returns, in^the 

1X * * ^d place, the repetend has5but 



88 






2 places, 

26. Any 
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26. Any vulgar Yra&ion, of jwJudKthe* denominator is a 
prime, (except 2 and 5) being thrown inter a decimal, will 
have as many circulating figures as the denominator would re*, 
quire nines for a dividend till it terminates.. ' For if we divide 
1000 &c. by any number till 1 remains, the quotient will 
evidently begin to repeat ; but 999 &c. is only * left than 
1 coo &c. therefore nothing muft remain when the figures have 
once circulated, L .. 

It is evident from the laft article, that, whatever the dividend 
be, provided it be prime to the divifor, the number of circu- 
lating figures will be the fame. • 

Example 1. 

Let — be propofed. 

11)99(9 Here are a nines ufed in the 

99 dividend, therefore the repetend 

~ has a places, 

o - 

*03'°( #a 7a7&c. =n # *7« 

Proof ,80 

77 • ; • •• '.£ 

,■■'-- 3 &c. 

; '" Example a. 

^ .. Sugpofe - be given. 

7)999999(142857* Here are 6 nines required : hence the 

fepete^d confifts of 6 places. 

7)60 



1 
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50 . k At iorfALfc or 

/ . 3S 

PlOof JO 

49 

10 
7 

go 
28 

sto 
i4 

6 &c. » 

Example 3. 
Let 4-2. be propofed. 

3t)999(27* **« «* 3 ^W «■*•■«* of; chewfort, the 
repctend has 3 places. 

: Proof ,4 

57)483*0 &c.( 1 3*054,054, &c. 36 1 3-05+. 



27. If two numbers be prime to each other, the feaft com- 
mon dividend, or number which exaftly contains them, fa 
exprefied by their produd; but if they be not primes, egprefie 
them fractionally, and reduce the fraftion to its loweft terms* 
the reciprocal produft of the numerator and denominator of 
the two fra&ions is the teaft common dividend. 

Example* 



Xet the numbers propofed be 9 and 7. 

9 and 7 are prime to each other; therefore, jx ;*- 63 
is the ldaff number which contains 9 and 7 without a re- 
mainder. ^ 

Example *• 

Let 8 and 12 be propofed. 

8 * 
• Thefe numbers arc not primes; therefore, — =— (in it's 

r ia 3 * 

lowed terms) and 2 x 12, or 8 x | :s £4, the haft common 

dividend. 

: 428. If there be three or more numbers, find the leaft num- 
ber divifibfe by any two of them, then the leaft number 
divifible by this and any other, and fi>. on j the laft number 
found will be the leaft common dividend* 

. Example. 

What is the leaft common dividend of a, 3, 4, and 8 ? 

6 * 

a is prime to 3, .\ 2 x 3 = 6; 6 is not prime to 4, ••. -£*, 

and 2 X 6 =2 12 5 22 is not prime to 8> .v^z:-, and 2 x 12 

'=:' 24, the leaft common dividend. The r&fon of this ia 
evident from Enc. 37, 38. 7* 

29- If *h$ denominator of a fra&ion be compounded *f two 

#r more different ffimes (neither 2 nor 5} the leaft common 

dividend of all the numbers, for each Angle prime (found fy 

th« two laft Ait*) will exprefs the number of circulating figures. 

-.,....< Thus 
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Thus let the propofed ftaftioirfrg^zr 3 ; then, fince -3 

' , 77 7 xii* / 

^•428571 repeats in 6 places* and — =-27 repeats in 2 places, 

and the leaft common dividend of 6 and> 2 ig'fc, ttersfore^ we 
may fuppofe them both to circulate in 6 places, (Art. 20.) 
But 99 is divifible by 1 1 \ therefore 99199^99? muft alfo be 
divifible by 1 1 : and fince 9^99999 is alfo divifible by J y it 
muft therefore be divifible by 7x11=77; confequcntly* ih* 
repetend will.confift of 6 places/ 

r . / . , 

ExamjpIeV ; 



77)99999(«9*7* 


. ' * '-'.'•'•• 


77 


•' • • 


•329 


Where thire ate -6 nine* ufecf 


•'»S4 . 


befote U terminates., ' i 


- -"759 - : - • 


' : •"'' ' 


003,; *. 


: • ■ -•.'•-. 


669 


„ 


61G 




539 




• • 539 • • V 


* 



. Hence the vulgar /ration ~J- will have a repetend, oL& 

places. For-^— =r 2 . the repetend by u, 7, and 

r 2849 11x7x37* * . 

r 37, hath 2, ,6, and 3 places refpeftively ; and the 'leaft num- 
ber divifible by thefe is 6; which is the number of places fa 
* the repetend. 2 

i Example 
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r. < •. 


y.** ) 


^49)9999^9X35* 




?45*9 

- .. in*. \T- 


W*ffi it tetainates >eith 6 


'. .0849 
2849 


' . * 



fr 



36. Arid generally, if the denominator oi a vulgar fradion 
g bp coppouhdjed of the priijie numbers ABC fcel which 
circulate in a $ c &c; places refpeaively j and P be the leaft 
number which ait ice ineafurd; then will *■ 



AxBxC&c. — 
N 
g thrown into a decimal, repeat ift P places, which is obyioua 

* 
from the laft Article. 

31. If any circulatiftg numbers* cohfiAing of pure or mjxed 
tepctends^ df equal plkcesj be added together, the fum will 
have la repctend of the fame number of places* For every 
column of repetends muft evidently give the fame fum. 

Example u Example 2* 

*J#54>954>& C * a-7 134,7 134, &c. 

Sum, iS*39 6 >396> &c, Sum, 74-6534^934, &c. 

■■■»■ ■■ II ' 1 I i ,,l 

C 3 a. If 



L 
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32. If any multiple repetends' contain a certain number of 
* places, and the places of the other repetcnds are found in a 
Geometrical progreffion, of any ratio, the fum will have a 
rcpetend confifting of as many places as the greateft term of 
the progreflion. For fuppofe the greateft rcpetend to circulate 
in 8 places, the next lefs repetend can only circulate in 4, and 
the next in 2 places, to be conterminous (Art. 20.) ; and 2, 4, 
8 are in Geometrical proportion* 



Example 1. 
2-19 3642 57,19 &c 



872,72,72,72,72 &c. Here 8, 4, 2 are the places of 

74;ia 74>*2 ?4***^ ; the ^epetends; each of which 

may therefore be fuppofed to 



85-04 83 28 04,04 &c. confift of 8 places. 

Example 2. 

•^34234234234,234 &c. Here the repetends cpnfift of 3, 

•410725410725,410 &c. 6 and I2 places . W hich being 

9 3 45 7 >9 3 i rt Geometrical progreffion, may 

r628i7029O23i,628 &c. be confidered as confifting of 12 

places each ; therefore the fum confifts of 12 places. 

33. If the repetends to be added have unequal places, fup- 
pofe them all to begin together, (Art. 19,) then will the leaft 
common dividend of thofe numbers give the places of repeating 
figures in the fum* For it is evident that each perkxFof repe- 
tends rauft then terminate together. (Art. co.) 



Example 



fclRCU'LATING NUMBERS. 3J 
Example i* 



i 



*t%*3% Thefe repctends have 2, 3, 4 places, and tie 
* > leaft number divifiblc by thefe is 12; therefore 

<2*04? • 

* 7 each repetend may be fuppofed to confift of 12 

i«04 places-j which evidently cannot b£gin together 

' ' till all ttie numbers become circulates. , 

47 *4 • .' 

Example 2. 

78 # i4i4i4 &c. Here the repetends have 2 and 3 places, 
3-81781? &c. a hd the leaft number divi&ble by (hefe id 
2i'737373 &c * ^ which.therefore denotes the places of the 
repetend in the Aim; 

34. The differed of any two circulating numbers, of 
which the repetend? can be made conterminous, will alfo be 
a circulating number of the fame places as the greater -repetend; 
'this plainly foHows from the laft Article; 

Example i. . 

From 82*8546,8546, &c. The greater repetend corti 
Take 872,72,72,72, &c flfts 6f 4 placc$ . ^ dQc$ 

Rem. 7i-i274>i274> &c. ** '«*ainder. 

Example 2. 

From ^382,382,382,382, &c. Where the remainder 
Ts *e 4^25 3fr 8 >^5 3 68 > fe - has 6 places, the fame 

Rem; 3-257 014,257 014, &c as thc 8 rcatcr rc P etcnd - 



C z Examples 



1 

L 
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Examples for the Learner's Extrcife. 

Required the fimtfe values of the following infinite repeating 
<£dmals* 

Ex. (i.)-3. (*.) '45- (3->74i'- (4-) -5686- (5-> ^7- 
(6.) # oo46. (7.) •0O03. (8.) 2*6. (9.) 4-07. (10.) 764*3. 
(ii.) ioo # b6. (12.) '07. (13.) '063. (14O /00307. 
OiO ^0632. (16.) 1070004. (17.) 2*6. (iff.) 2*347. 
(*9<) 723-6. (*o.) •6i-3„ (at.) '03^4. (3*.) '005^32. 
^3;.) r2i2 # i2 / -fr !•«•• (24-) 7*6 + '676. 

Required the taw of the infinite ferics, of circulate decimal, 
Equivalent to each of the following virigaffraAkm*. 

2 } 4$; H*; 5^jS. i| JL; JL* .*!$;. £2$Y' 

9* 99* 999* 9999 f 99 9999 s 9999*' 99 ' 999 
7623000 10006000 ; 7. 03. 3*07 . 6*3ar 7000^4, 24*. 

9999 ' 99999 ' 9' 9 * 9 99* 9 99* 9999 9* £* 
5132*4. 72290a. 6o'7. 3 6 r. ^627. ?*oi*Q. 7 6 7/$v 

99 999 99 99 999 99 9* 



SECTION 



J 
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SECTION II. 

» 

Addition of Circulates* 

' C'A S E I. 

When the numbers to U fldded art pure, or mixed finglc circulates. 

RULE. 

MAKE them all end together; (Art. 33.) then add 
as in common numbers,- only incretfe the right-hand 
place of decimals by as maqy units ,as there are nines in that 
column, and the laft figure will be the repetend. Or, continue 
the repetends two or three places forward, and add as before, 
obferving to rejcft the fuperfiuous Figures to the right-hand of 
the repetefld. 





JE$ampl«. 


wty 


24688/ 88 


r*4 


m4 44 


1-6. 


, r6oo^ 00 


if 


Reduced «733^ 33 


*«y 


«8*566^ 66 


4'fcrf 


474o/ n 


»9^ 


19666/ 66 


, 


Sum 87*230/ 


. • 


c 3 



For 



^1 



3* 



RATIONALE OF 



For 19*6 = 19-6666% 2&s6 = 2^5666, &c. (Art. 4.) 

, J . ' j 1 » 1 » 6.1.6348 
and 6 + 1 + 6 + 3 + o + 4 + « = ^+9+9+9+9+5 

(Art 7.)=- F 3 -=3+£ 
9 9 



' ¥• 


xgmpks for the Learner's ExerciTe. 


(0 


(*-) (3.) 


(40 


* v 4, 


7'<^ 


1466. 


6?^ 


67/ 4 ' 


27 1 -6* 


21-^ 


•^ 


a-i/ 


' 1 


871-2/ 


•y 


66- 


w 


•00/ 




4' 


#; • 


41-^ 


./., 


34-8/ 


1'4* 


^ 


.0^ 


68-/ 


•08^ 


I29-6l^ 


J2! 



CASE II. s 
If the numbers be pure, or mixed multiple circulates. 

RULE. 

Make them all end together, (Art. 33.) then add a? in 
common numbers, only to the right-hand figure add as many 
jinks as are carried from the column where the circulation 
begins, and mark off the repetend from the faipe place. Or, 
continue each repetend two or three places forward as before, 
rejecting the figures to the right-hand of the place where they 
?me conterminous. 



i 



1 
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Example. 


hii'j • 


4-8^5875875875^ 75 


,6 # 


16 ^3232323233* 23 


4**;/ 


428-7^66666^6666^ 66 


vH 


Reduced 38-2/62162162162^ 16 


H-hjt 


14-6/8461846184^ 18 


-4} 


•c^i4i4MHi4/ 4* 


• M 


•4^4241424144^ 14 




Sum 5°3/>?$ 6 i°8593732^, 



The places of repetertds are i, 2, 3, 4, and the leaft number 
divifible by thefe is i 2. (Art, 28.) Each repetend may therefore 
be fuppofed to confift of 12 Places (Art. 20.) and the circu- 
lation muft evidently begin from the column where they all 
t>egin> to repeat together, 

The reafon of adding the units to the tight-hand figure of 
the fum, is evident from continuing the repetends a few places 
forward. 



ExampUt 



1 



4» 



Examples for the Learner's Brattice* 



(t.) 


(20 


(3.) 


(*) 


fa'i. 


. i^' 


127'V 


-ottf 


■ -1/ > 




4"# 






4V»a 


a 8 **? 





4 General Rule. 
Paying made the rcpetends conterminous, divide their fuo| 
\>y as many aw* 4$ they contain places, and carry the quotient 
% to the next left-hand column tQ \vherc the circulation begins 5 
then add as in cpmoxta nuinbets, atad put dowp the remainder 
for the repctend, obferving to prefix cyphers (if neceffary) ty 
snake it equal in places to the other rtpetends. 



Esampl 



e # 



," 



it 



*r# 

23*4^ 



-Uj 



Reduce^ 



3'8# 



Sum 120*51 



Here 



PT""^ 



Here the places of the tepetendj are i, a, and the leaft 
number div&bfc by theft ft 2\ hehce each rep&end will have 
two places to become conterminous; and the fum of the 

repetends is plainly }§ +11 *±*.B+** '+£-£+= i £. 
99' 99 99 99 99 99 99 99 



=i+d 5 , (Art, 


12.). 






£yikpi(sjbr tk&art&t's <£**#/*, 


(5) CM (7-) («•) 


4^, 


I^o/ 


# 


•^ 


W 


v# -i 


# ; 


A 


S'10/ 


ity . 


37* • 


. *w • 


fart \ 


«#>)? 


'"$ 


"«*$ 


*•*?, 


^. : 


4"/V 1 


18-/ 


|6-8ii 


4»-<$ 


ar6/ 


. i£' 


(#) (*<>•) ("»•) fw^) 


'W ' 


1 »■# 


# : 


24 1 . 


'•¥ 


H ■' 


4 '" ; 


,/ 




«># 


■H - 


■«•# 


m 


«»/ 


*l . 


•«. 


'.fa'4 


76^8/ 


•'687* 


.. • v/ 


•OOOf 


/•</ , 


# ' ' 


i8-6^ 


- 




£ 


ECTION 



4* 



RATION A L E OF 



SECTION HI. 

SubtraBio A of Circulates. 

CASE I, 
If the numbers cenftfli of pure, or mixed finglc circulates* 

RULE.. 

MAKE them conterminous, and fubtraA as in com- 
mon numbers ; the right-hand figure will be the repe- 
tcod. But if the repetend of the fubducend be greater than 
that of the minuend, inftcad of 10 add only 9 to the lefs repe- 
tend and fubcrafi as before. Or, continue the repetends two 
or three places forward, and fubtraft as in common numbers, 
rejecting the figures to the right-hand of the repetend. 



Ex. i. 



From 24*6* 
Take 18-4^ 

< Bern. 6 '2 



Ex. ft. 

f . Reduced 7 , 

38'/ 387/ 7 . 



3r 



■4 



' For (Ex. 2.) 71*4/ - 387/ = 7i>£ — 3*7j = 32*6^ 



== 3**/ (Art. 7.). 



ExampUt 
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Examples fir tbt Learner's PraOict. 
(i.) («•) ' (30 U0 



From 68*43)1 
Jake 42-2/ 


r4 
4 


&4 
31*6^ 


271'jL 

.55 


case n f 


Whtn the members are pure, or mixed multiple circulate. 




RULI 


; # * 





Make them both conterminous and fubtra& as in common 
numbers; the figures in the remainder, which ftand under the 
given repetends, will be the repetend of the difference. If the 
repetend of the fubducend be greater than that .of the minuend, 
leflen the laft figure in the remainder by one, and it will be 
the true repetend. Or, continue the repetends a few places 
forward, and fubtraft as before. 

Example 1. 



From 27*283 
Take 13*122 



Reduced 



27*2832832 83 
i3 #I 23*3*3 2 3 



1 # 
Remains 14*1600509. 



Example 



40 



RATIONALE©? 

Example 2» 

From , 127^46 ' '• 127*4627464746 27 

, , , Reduced y y 

T*c 48* 486486486486 48 

» N. » ■■ . ■ < ' 



•Remains 78-8r40976259^ 



In Ex/ 2. the places of the repetends are 3, 4; and the 
leaft number diviflble by thefe is 1.2; which 19 therefore the 
jnamber of repeating figures in the remainder. 

The reafon of taking one from the laft figure of the re- 
trrttmder is tvftient from continuing the Jfoures a few places 
Tprwatd* 



.«{») 


(*) 


(*) 


(60 


From 24-17 , 


32'IO 


i7b-/ : 


I 4 
27x04 


Take i2'4 


8*41 


24*6 


41 '6. 

1 


v . (70 


(8.) . 


(9-) 


(10.) 


i» 

-FfOm 1*46 


17- 


8-41 


•281 


Take *©8' 


•412 


2-4/8' 


18. 



SECTION 



SECTIQN IV. 

' Multiplication ef Circulates* 
CASE L 
tf?hen wtfafior iy a terminate, and th$ rtbtr a fun circulate 

R V L E- 

MULTIPLY the repetenrf and terminate together; 
then remove tto decimal jiiraJ: a* many phoes/tQ, the 
right-hand as there are repeating figures, andjdivkferttapisrir 
duft by the fame number ofnina,, continuing the divifion till 
it repeats or terminates, which will then be the true produft* 
Or, inftead of dividing tqr thzjtimi t$AA the produd to itfelf* 
removing it as many places forward ^as exceed the number of 
places in the repetqad by one; and thus proceed. tilt the refult 
laft added be carried bfyond the firft : laftly, addihefc feveral 
products together, 1 ' beginning under the *igkt4tand pfece of 
the firft, the firm fall be the true product, having a repetend 
tqoal in places to the given circulate, 

i. A fingle terminate, and a pure ftngle circulate. 



'/T 






c 



Or thus, ,. *i 

» '7 






6.' 



f<« 



4fc lAT?rohAtE Oti 

For -8 * f ■= 5 x frHArt. fr.) -sfc S =s 56 x * =£ 
7 9 9 9 

r6x:JL+-i-+ J— ,&c =J-6 + * 5 6 '* -b56,&c* . 
10 100 1000 

ExampUs fir the Learners Pra&ice. 

* * * J* " * '« 

Multiply *6 by 2. *5 by 4 ; 7 by 3 ; -8 by 5 ; ^07 by '64% 

/ ' * 1 ' ■ 
•O03 by 60; 'Q05 by 400; *ooo6 by 20. 

&, A terminate confining -of feveral figures, and a- pur* 
fingie circulate* 

« * 

Example* 

**■• Multiply 23.4 by 7, 

23*4 Or thus, 16*38 

! *f 1 6 38 "• ■-••■- 

!: ■ '• '— L^ • .::•.:. : " I 65 " t • • * 

x t . . . 



i8u 9 = 18*2, (Art. 17.} 

For 7 =2=7 x 1= 7 X*i*+ — + JL, &c. (Art. 15.) 
99 10 100 1000 

v 7 x 23-4 = * J* * :£-F ^ + S?^ l6 ' 38 + 

/*r thLeafncr** Praflicn 

Mv^tlply 21 by -3 ; 643 by 7 j -265 by *o6 j '6281 by *•* j 

4««Qi by -004.4 

v > 

I 3- ^ 



r 



CIRCULATING NUMBERS. 47' 

1 

3. A fing!e terminate, antf a. pure multiple circulate". 

t Example. . x 



/ / 



Multiply 3*41 by *4 " * 

34* Or thus, . 1*364 

*4 13 

999)i364( 1 *3 6 5»365>&c. ■■ 

r 3 6 S 

For 3%,' x - 4 = M!P * .4 «!& = 6 ' JL-. 
. 999 * 999 34 999 

IOOO IOOOOOO 

For the Linnet's gxtrcife. 

Multiply 2*1 by 8; 714 by *6; 72*1 by -02; 46*8 by •Oof, 

•0048 by *4; *i8 by *oi. 

4. A terminate of feveral figures, and a pure multiple 
circulate, 

1 Example* 

Multiply 4876 by 32'4i. 

4876 Or thus, 1580*31 16 

32-41 15803 

1 



9999)158031 16(1580-4696,46, &c. 



158^*4696 



*/ .,., For 



"1 



4JJ fAf IOtfALE OF 



For 3 W * 4876 = ^2? x 4876 = lf!2^Iii -5 
* * 9999 * ' 9999 

1580^110 + •1S803U6 + 2fc. • 

Al> /£< Lipr&ir'f Exercije. 

Multiply. 476. by a*ij 4-68 by '04* '671 by 4*84; 
ft8*4 by 21 ; '004 by 108 ; 4,8 by *6o6. 

CASE IL 

If on/jdflor be a terminate ± and the other n mixed circulate* 

Multiply tjie circulate by an unify with, as rhany cyphers an- 
nexed* as the repetend has places^ from \yfych ,fujfc)tra& th£ 
terminate part; then multiply the remainder by the given 
terminate, and djjiide ,the product hy 3s many nines as the" 
circulate has repeatingfigures j or* add the produ&s as dire&ed 
*i€a*L. 

i. A fiilglc terminate and a mixed fi&gle circulate. 

Multiply 4 # 23 by 6 
4*23 Or> thus, 4*23 

id 6 

4a"3 *S - 38 

3 8 ' 1 _2S;4o* 

6 



25-4 



For 



■W' ' ™ " 
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t, ' , 4-23x10 — 4-2x6 ,. A . 228-6 

For 4*23x6 =;• " t . s- — (Art. aa.) = — — 

9 ' ■ 9 

»2S*4- „ 

And 4*23x6 = f 2 + - x 6 (Ait. x6.) =: 25*2 + # 2* 

/ir the Learner* s Extrclfe. 

Multiply 4*2 by 7; 27-6 by -3; *io^by -04$ 14*8 by 75 
*a7i by -005; *9 by '316* 
.2. A Angle terminate, and a mixed multiple circulate* 
Example. 

Multiply 4*264 by •$* 

4-264 Or thus, 4*264,64, &c. 

106 *3 

>«M««-WMri «l ■ ■ n il I 

426-4 »'*793>93> fce. 

4-2 



422*2 - 
3 

•» * 11 1. 

1*2666 
1266 

12 



1-2793* 



tr /:'' 4*264 X IOO — 4-2 X •* _ |2666 

For 4-264 X *2 = 3— -2 ^ 4 -- S » , . 

99 ■ ■ S9 

r= 1-2666 + -012666 + -000x26, &c. 

The other method is obvious. 

D />/ 



1 

L 



r 
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F$r the Learner's Exereife. 

Multiply 2*416 by 4; -871 by -3; 0146 by 7; a by -47 ; 
•008 by 3*871. 

3. A~tertninate confifthig of fevcral figures, and a mixed 
Jingle circulate* 

Example. 
Multiply 2* 16 by 4-65 



!• 16 Or thus, 4*65 X a* 1 


Or thus, 2*166, &c 


10 m b 


/ 


— * — 


4-6S 


ar6 9)2790 


— — 


a*i - 


• 


— • -310 


1083 


*9*5 465 


V 


4-65 9 30 


13000 



9)90«675 10075 866 66 

10075 , 

10-0749. 



~ ' , ri6 x 10 — 2*1x4-65 90*67* 

For 216 x 465 = 2-^ = y * ' ■ 

3 9 .9 

rz 10*075. 

And a*i6 zz 2*1 + *o6 (Art. 16.) -= 2*1 + — , .% 2*1 x 

*6 
4-65 + - x 4,65 n IO07S- 

The other proccfs is evident. 

Far 
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For the Learnt? $ fra&ict. 



Multiply 48-7 by 874; 2*3 by -21; 48-3 by -084; 
48*76 by 21.8; -016 by -608*7. k ' 



4. A tprjnipate <rf (ever^l iigurjs, and a mixecj multiple 
circulaff, , 

Example. 
. Multiply '467 by 324* 

324 Q* thus, 52V^2, &C; 

roo -467 



3240 



* / 



3 ' 2269 

J94S4 

129696 






467 



r 4 -99oy 
1499 



14 *j-*4" 



15-1421 



_ / / 324 x too — 30x4 6.7 

For 324 ¥ H67 F '^ ^ ' - »4'W°7 

+ -149907 + '00149, &c. 

The other method is plainly derived from Art. 19. 24. 

For the Learner's Exercife. 

Multiply 271*4 by 4*871; 271-6 by 148; -487 by -2765 

*7 # i4 &I 4*4*65 '0019 by 2-14; 714 by 4-876: 

Da , CASE 



L 



5 % RATIONALE OF 

CASE HI. 

Thi Jailors, a pure circulate and a mixed circulate. 

RULE. 
Multiply the mixed circulate by an unit with at many 
cypher* annexed as the repetend has places, and from the 
produ& fubtraft the terminate part ; then multiply the re- 
mainder by the other repetend, hairing 'its decimal point re- 
moved fes far to the right as it contains places, and referve the 
refult* Write down as mahy nines as there are figures in the 
greater repetend, and annex as many cyphers as the places in 
the lefs repetend, from which fubtra# a* many nines % and 
divide the reserved iefult by the remainder j the quotient, con* 
tinued till it terminates or repeats, is the true produft. Or, 
inftead of finding a divifor, place the refult under itfelf accord- 
ing to the places of either repeteiid as in Cafe I j and then 
place tbe fum again under itfelf as before, obferving the places 
of the other repetend j or divide it by as many nines. 

i. A pure Jingle circulate* and a mixed {ingle circulate. 

Example. 

Multiply 2*3 by *7 # 

2*' 3 Or thus, *4^ 

i? *47 
14 



/ 



90 21 9)i6'3 

9 7 



81 )i47(i , 8i4,8, fcc 



r8i4,8,&c. 
For 



L 
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For •j x 2*3 =5 » %*» ■ x — 2~- (Art. 9.) = -£L 

9 9 v vy 9x9 

,47 ~ (Art. 12.) 



9x10-9 



AndilL=, 4 7 xlxi ? I4 ' 7 + r4 ^^ &c y 
9X9 * 9 9^ 9 

/Vr the Learner's Extrdfi. 

Multiply -4 hy 2*6} >8 by -014} 487 by -4; 4*68 by 9$ 
•246 by a ; 48*7 by -04. 
a* A purefingle circulate, and a mixed multiple circulate. 

Example. 
Multiply 424*3 by '03. 



/ / 



424-3 Or thus, 424^ 

1000 *3 



4^4300 



* $ 



4 v 9)x*7'a9 



423900 



/ / 



*3 H'14 



127-17 
127 

W7*9 
1 27a 

12 

1 



14-14 



D 3 For 



1 



~1 



54 RATIONALE OF 

For 424-3* '03 = ***** ***-** * * t^IHlL 

999 _ 9 9 * 999 

di27*i7+M27i7+'oooi27, &c. £ - — 12*7^9 + 1*^729 
+ M2729 -f '0127, &c. 

: > t 1 

1 

The rcafon of thk other procefs is evident. 
For the Learner's Exercife. * 

Murtipry>i76Dy»6; 40-51 by*3j 7*104 feyoij # &8byi % 
•01 by 2*461 5 # o6 by 4 002. 

3. A pure multiple circulate, and a mixed fingle circulate. 

■t ■ ' ;„ . 

Example. 

Multiply 26*JB by '026. 



•325* Or thus, aft-SX'TO 

10 # b6 



: *i6 " 



9)1^ 



/ 



'24 

26800 '1788^512 



6*43* *33* 



64. 



9)6-438 



•715582048. 



•715382048 



For - 



J 



r 
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! 

For 26*8 x # oi6 =: = x ■ - ■ » ■ as- v*?* , 

999 9 9*999 

• ^ 6432 +'0064, &c. 

~ 9 

And -026 = # 02 + •006 =:*oa +-— ( Art. 1 6. 70 ••• # 026 x a6* 

', Q ' . »o6 x 268 
c= -oa x 26*8 + — — t — . 

9 
For the Ltarnrr^s Prntlict* 

Multiply 468 by 4*1 ; *4i by 6875 '68/ by •0046^ 

' t ' J * . i. A 

•46 by 2*46; '278 by 4-6* 

4. A pure multiple circulate, and a mixed multiple cir- 
culate. 

Example. 
Multiply ^0423 by -038. 



•0423 Or thus, -042 

100 3 



/# 



•1 



4-23 ,, 

•04 3385 

~~~ * a 

9900 419 1269 

99 3-8 



. • • • . 



9 8o 'i )i S"9*2(-ooi*i45aa+ -0016082, 82, 82, &c. 

160 82, 82, &c. 

1 60, 82, &<v 

1 60, &c. 

•0016245 28 + 
D4 For 



$6 - RATIONALE OF 

r? "*, V •0423X'ioo— *04 v 3*8_ i5'9*2 
For -0423 X '038 = — *-= J X 3 - ^: J V —*— 9 

And -038 = 3 8 x — ••• "0423 x 3*8 x — = -0016082 + 
99 99 

•0000*6082 + &c. 

Per the Learner's Exercifc. * 

Multiply 24-8' by 684; 687 by 46'$' \ %v%% by $(A\ 
682*1 by 4-6 i 2^9 by *4i6. 

CASE IV. 
When the faclors are both pure circulates* 

RULE. 

Multiply the numbers as terminates, and remove the decimal 
point as many places to the right-hand as there are figures in 
both repetends $ then find a divifor, agreeable to the places of 
the repetend ; or, add the produds as before. 



1* Two pure fingle circulates. 






Example. 
Multiply '8 by '03. 




•8 

$0-03 
9 — 


Or thus, 


•8 
'3 


8 1)2*4(0296 
• * 




9 )ii 
•0296. 



F«* 



J 



CIRCULATING NUMBERS. 57 

For -sVos = !£lg x -£3JSio = -8x-o 3 x,oo 
9 9 9x9 

* j ' '3 o' < *8x*3 

And «03 = ~ .'. *8 x 03 = =• 

9 9 

/iw tbt Learnt* 1 Extrtife. 
Multiply '{ by -4} '07 by -pi j '4 by *2? *o6 by •/; 



*oo4 


by «$> 




2* 

1 


A pure 


tingle circulate, and a pure multiple circulate. 

• 
Example. 

Multiply 421*421 by *ooa. 


' 


' 


42 r 
•002 

8-42 

84 &c. 



9)8-42 



♦936492047603. 

,7 ' ' ' 4^1X1000* # 002X IO_8420 *tW 

For 421*421 x *002 —2+- X - — ~~ t 9rv 

. 999 9 : 9 

8*42 + '00842, &e. 

gg W il l \ 

9 



L 



jg , * AT ION AL E OF 

For the Learmr's Prafikt. 

v 

Multiply ^fraby '2* I7*6<by -8 ; .762 by '04; '68 by -006; 
•04 by -683. 

3. Two pure multiple circulates. 
Example 

Multiply # 3*4 by 4*6. 

•324 Or thus, ^24 

4*6 460 



1 



i*^ 



/ / 



Ity.. I$45 



I r 49l89I 
^4918 



/ / 



1297 



149 99)H9 # i8 

1 — — 



1*50696. 



1*50696 
For -324 x 4-6 = *„ m x _ ='324x4-6 x 



999 99 

v > 



I I V / / y 

riooooo x —* x — =:i*4f^+-oi49i8+'oooi4, &c. 

/ 99* 99 

*•* 4* = =f ••• %— * = "-50696. 



/fr ffe Learners Ewcif* 
by 4* 1 5 68*2 by -014 

•ig by # 048« 

^ J CASE 



Multiply '8V by 4-15 68'2 by -014; *6oi by -002; 



j 



r~" 



L 



CIRCULATING RUMBK'RS. j» 

C AS E V. 

^ *d* fafiort art fhtxed drtulaUs. 

RULE.' 
Multiply the numbers as terminates, and remove the de- 
. timal poidt as many placed to the right hand a* the number of 
figures in both repetends ; to which acid the produfr. of the ter- 
minate parts, and referve the firm. Multiply the terminate 
parts by the circulates reciprocally, having theic decimal points 
brought forward according to their places, and fubtrad the 
fum of thefe products from the referred fum : then proceed as 
before, by finding a divifor; or adding the remainders. 



i. Two mixed fingle circulates. 






Example. 






Multiply 2' 1 4 by 


■V3- 




2-14 Or thus, 
43 




2*14x4 
3 


920*2. . . 
4xn= 8-4 43 21*4 

— «-* 21. 4 
! 92 g-6 — — 

\ 1 7 5*9 = 9° # 3 + 85-6 




9)6-43 
. -7148 



9)7S2'7 8-5777 



9) 8 3* 6 3 



9-1^5 



/ / 
9^925 



For rti x 43 = a,,4XI °- 2,1 x £2*32=* = 
3 __9 9 

a* 14 x 4*3 x loo -t- 2*1x4 — a-i *4'3X 10+4x2*1 x io 
' T 9x9 

And 



y 



1 



«o RATIONALE OF 

m* # 3 ' ' ' . ? * * #I 4 
Aad 4»3 =r 4+^.^2-14x4 3 = 4x2-14 + ~ 

/ir the Learner's Exercife. 

Multiply 2*8 by 416; 6*87 by # o2ij *6i by 4^7; 
4*> by 6*4 ;, -46 by 017* 

2» A mixed fingle circulate, and a mixed multiple circulate* 
Example* 
Multiply »oi7 by 1*003. 



roo$ 


Or thus, 


/ / 

1*003 X*0I 


•017 


* 




•07 


•?crsi 
•01 






9)*o7o4i 

•00780113446 &e> 
•01003003003 

<oi 7831 16449 


1705* 

vcrz 


•16032 
160 


9)*r6o4& 


•01783116449 






For ^017 x 1-003 = 


•017*10— 
9 


-•or 1*003 x 1000— t 


999 


■»0"Si+" a * — io^^ttt 




\ 


And -017 =•01 + 


•07 

* 

9 




- 



Ar 



rr 



CIRCULATING NUMBERS. fa 

F$r the Learner's Extrcife. 
Multiply 46*8 by 46-8; *2i8 by 4685 264 by ^9024; 

4 4 4 4 4, 4 

71*6 by -46$ 48*91 by 6*827. 
3. Two mixed multiple circulates* 

Example. 

'44 '44 

Multiply '0132 by 20*1. 



4 4 



. •$! 32 Or thus, 20*1 x *ot 

20*1 -32 



2653*2 



4 1 



•2 <o6432»3 s »3*» 

64,32,32. 

9900 2653-4 64,32 



)oo 2053-, 
99 46- 



9801 )26o6*9( '26598306 + -06497296 

»•>••■• -20101010 



•26598306 + 

%? 41 4 4 '0132 x ico — *oi 20'IXI00 — 20 

For *oi32 x 20*1 == — ^ — ■ . - x — - i 

* 99 99 

^ 2606*9 

99x100—99* 

And -0132 = *oi + xxm =r *oi + — . 

99 

Far the Learner's Extrcife. 

Multiply 1468 by 2*68 j • 168 by *o 146} 6^7*12 by -4871 ; 

4444 
•6871*96 by 68719*5. 

SECTION 



L 



1 



6t RATIONALE OF 

SECTION V, 

Dhifion of Circulates. 
CASE I. 

When the dividend is a circulate (pure or mixed) dndthe divijir 
a terminate. 

RULE. 

PROCEED as in common divifion, continuing the re- 
peating figures in the dividend (if neceffary) till the 
quotient repeats or terminates. 

Example i. 

Divide -427 by 8. 

8)-427,427>4 ^.(.053428,4 &c 

Example 2. 

Divide 2*1684 by 687. 
687)2*i684,684,6 &,e.(*o3i564i &c. 

« 
Examples for the Learner* s Exercije. 

Divide 6'8y by ayj ^'i by 8m; 68*41 by '091; 6*41 tyno6; 

•0214 by 48. 

CASE 



CIRCULATING NUMBERS. 6j 

C A.SE. JJ. 

When the dividend is a terminate and the differ $ fmra 
circulate. 

R U h t. 
Multiply the terminate by as many nines as Acre are re- 
peating figures in the circulate for a new dividend, 99 d tempye 
the decimal point i(i the circulate the fame places to the right 
for a new divifor; then proceed as in common divifiof^ con- 
tinuing the quotient (if neceflajy) tyll it repeats or terminates. 

Example. 

Divide 7 hy -6. 

i 1 - 



¥ 



6)63(lO'S 

For -6' = $, an4 7 + | = g x \ = ^ = ,o- S . 

Tor the Learner's Praflice. 

Divide 4 by *6 ; *8 by T2 \ *6 by -08; •$ by -08 ; *o6 by -4; 

•007 by 2. 

2. A terminate confifting of feveral figures, atid t pure 
(ingle circulate. 

Example. 

• Divide 43:2 by 7. 

43'* 
9 



?)}®*(5rsU*u* 



For 



r 



64 RATIONAU of 

i 7 . . 7 ' 9 43'2 388*8 

Tor -7 = £ ^ 43^ '* J = * * ^7- = *y 

=4 55'*4> fa*' 

F*r /** Learner's Prafticu 

Divide J64 by *3 ; 4 68 by 8-8 5 -2816 by -006 ; %"% by -007 * 
•087 by •/. 
3» Jungle terminate, and a pure multiple circulate. 
Example. 

Divide # 6 by 2*31. 

*6 
999 

/ *3io)599"4C a 594 8 > ** 

6 599 999 *3 10 

~ '25948, &c 



For the Liarner's Exercifi* 



' / . ' ' 



Divide 8by 23*15 -7 by 87-16 fo8 by -0875 4 by 619*619; 
•009 by -0017. 

4. A urminate of fcveral figures, and a pure multiple 
circulate* 

Example. 

Diyide 48-76 by 32*41* 

487600 
4876 

324ioo)487S 5 rH(i\5 43 J &c - - 



ClftC VL A T.INO" NUMBERS. 6 5 ~ 

3 . 9999 9999 3*4*9° 

_ 48*76 x 10000^4.8*76 
324100 

% For the Learner's Exer rife. 

Divide, 3871 by 46*8; 48*71 by 71-6 j '0087 by 2-6875 
487*1 by '6871 ; 271.271. 

C A 9 E III. 

If the dividend be a terminate, mni the ditnfor a mixed circulate* 

« 

RULE. 

Multiply the terminate by as itiany nines as there 'are placet 
in the repetend for a new dividend ; then remove the decimal 
point in thfr circulate the fame places to the right-hand^ ftotn 
which fubtra& the given circulate, and the remainder will be 
the new divifor, with which proceed as in common divifioru 

i. A fingle terminate, and a mixed fingle circulate. 

Example. ' 
Divide 8 by 3*47. 

3277 8 
3^7 9 

*9\S )7a(a;44°67» &«' 

For 3*a7 = as 22J> a adr& -j- 2L* j- 

9 9 f 9 

«9-S *9'4?- _ ■ • 

E t* 



1 



66 RAtlOSALE Of , 

Eqt the Li*rner J s Praftice^ 

Divide-, 7 by 487V *4by 48-2* ^a by x*.j.i •oq8V<*7» 
•007 by 6*87 ; 8 by 46.9. 
2. A fingle tcrihinate, and a roiied multiple circulate. 

Example. s 

r/ •• 

Drride -6 by 3-274. ' 

3 ' 27 ' 4 ' •. * ••-.'• 

3»7«474 «c«. o ♦ 
3-274 &c. 99 



.324-2 )59*4('i83H.&c« 



'i -« J- , 



For 3-274 - it - 9 ~> • • ° • 9 g 324,-i 

For the Learner's Practice. 

Divide 4 by a*i68i '8 by 66-8l' 5 1 by -487 J 6 b 7 * 2I V> 
•04 by 501*901. : - „ 

3. A terminate of fcveral figures, and a itfxcd fingle circulate. 

Example, . — - 

Divide 4-56 by 3*14. 

3**4 :;' -._...• y. 

. 3«-4 4*5«- • " - • 

3't 9 *"..-. 



28-3 )4r04(i*4S OI 7^ &e - 



For - 



Mpr* -jv^f"- 



CIRCULATIN« NUMBERS. 67 



. v ' 28*3 , 283 4*56x9 

For ,314 = — 2 ... 4-56 -$. -^ = *i — Z. 

. Ar thi Learner's Prafiite. 

Divide, 7*8 by 2-145 2*07 by 2-871 '°^ 1 b y ^1*46; 
•716 by -416 5 # po8i by -0874. 

4. A terminate of feveral figures, and a mixed multiple 
circulate.. 

Example. 

> • . 

Diride 13*271 by 47*684. 

47**4 

47 6847*6 1327 10. 

47*6 13*271 

476300. )i326g6729(-2783, &c. 

t? 1 lq* 476866 476800 
For 47*684 = .21 — _ ... 13-2171 «J- — rs 

9999 • 9999 

9999 x 13*271 _ 13*271 x 10000—13*271 

476800 .. "" .» 476*800 

* * * 

For the Learner*? Exerci/e. 

\ Divide, 2714 by 28416; 3*871 by 4*87.1 ; '0487 by 4*61; 
•487 by •91685 46*87 by 2iQi. 



E2 , CASE 



68 RATIONALE OT 

CASE IV. 

If the dividend hi a pure circulate, and the divifir a ife/W 
circulate. 

RULE. 

Remove the decimal point of the dividend as many places t# 
the right-hand as repeating figures in both numbers, from 
which fubtraft the faid dividend, punduated according to its 
place, for a new dividend. Then multiply the divifor by an 
an unit with as many cyphers annexed as its repetend hath 
places ; this product leflened by its terminate part, and the 
decimal point removed to the right, according to the places of 
the firft dividend, and again leflened by the laft remainder 
will give the new dirifor* ; 

i. A pure fingle circulate, and a mixed fingfe circulate* 

Example, 

Divide *6 by 2*3. 

2*3 , Or thus, ai)6.('2857i, Aav 

10 • 

*3 

21 # 6 

aio 60 
21 6 

189 )54( # a857i>&c 

' ' Fo* 



i 



J 



CIRCULATING NUMBERS, 6? 

lo* •* s -, and a*3 =; - = -\ .%--*.!: - 

9- 9 9 9 9 . 

4 6 { 6xio— 6 6 

<fir /** Learnt* s Exsrcife. 

Divide '4 by jr6'$ 4\ff^/bri) >otf bjr '687'; 7(96^4/1 
98 by 46-98, 

f , A pure (ingle circulate, and mixed multiple circulate, 

Example. 

Pivide *p7 by 631-4, 

100 

- ». * j ■ 

63149 ' 

6 

63540 # o; t 

^J4oo Tpp 
62540 7 



Wl. 1 'T 



562960 ) 699*^*00124 &* 

« > „' / "07 x ioqoo-^07 x io 
for -97 -5. 631-4^ , , -, ,\„ 

■ ,*'*■ * * 

931*4 x?oo— 6 x 19— 6^1*4 X jO^a^ 



1 



yb ll'A T I 6 N A \ E 6 F ^ ' 

|%r the Learnt? * Pra&ict. 

Divide *4 by ,27*14$ 7-7 by # 4 8 ?i> •O0$byg8'26^ 
6*6 by ^ifr; in by 4:8187. • . - 1. * 

3. A pure multiple circulate, and a raixe^ finglc circulate. 

'*.-.• :. Example, ' ^ 

Divide 34*6 by '043. 

10 

•43 

•04 .... 

•39 34*^ . ■ ' . . 
.39° 346000 
*39 34 6o ° 



389-61 )3H4oo(799'26o79, &£. 

/ > .... . . 

j t > 34*6 x 10000 — 34 6 x iqqo 

For 34'6-r-o43= ====== ' , ~ 

•043 X 10 — *C4 a* icp6— •c^.3 x 10— -04 

_ 311400 * . . . . 

/ir /A/ Learntr's fraZlice. 

Divide 2^* by 7^4-; 2*4? fry ^271 s 41 68 by -064 $ 
•487 By 68-9; "46-8 By 48*8. , 

4. A pure multiple circulate, and a mixed multiple circulate. 

- Example. 



CIRCWH,AT.IN<5 -NUMBERS. 

Example. 

Divide -04! by .0526. 

// 
♦0326 Or tbi^ ? . 3'23)4 - 2(r3003, &c. 

100 . . 



3^6 
•03 



323 # 042 
323 4*0 

3 # »3 4 # ? 

v ■■ ' 

. 3*917 ) 4ii*8(>-3003, &c, 

• Fo7 -94Z -r -0326 ==. '°*? XIoQ ^. -°3^xioo-'Q3 a 

?9 " 99 

£i. 

3-a 3 " 

/Snr ifcr Liftoff's Efitrctfei 

Divide 4**6 by 4r?6; +1*6 by ^7H« '087 by '00568; 

it i s t t it 

96*8 by 4-17; 6o # oi by .01756.^ 

Remark 1. 

It appears from the firft and lad Examples, that when the 
places of repeating figures in b >th numbers are equal, the work 
may be cqntra&ed, by reje&ing the denominators in the finite 
values of the given circulates, 

:^ % It is aWb evident that this nilp holds good (mutatis mm* 
tandis) when the dividend is a mixed circulate, and the divifor 
3 pure circulate. 

E 4 Example. 



7* R A TfO-N'A h E 0>- 5 - 



Example. 

Divide 4*2076 by ^4*I2« 

4*2076 
100 



4*0 - 7 6 
4'2 



34*12 416*56 

54120000 4165600 
341200 416*56 : 

33778$oo ) 4*6s i8 3 # 44('i233> &c - 



, , , 4*076x100— 4-20X10090— 4-2076x100— 4«^- 
V w '* f 34**— 3 4 i»xiooo^>o— 34«i2Xiooo. 7 

For the Learner's Pw&ice. 

Divide 4-27 by ri6; 84*71 by 501-6; 4-871 by 40171 
*o2]Q by 507.65 '00176 by -0146; *p0743 by <op*7jq, " 

CASE V, ." 

When fath the dividend and divifor are pure circulates, 

RULE. 

Find a new dividend and a new divifor, by removing the 
decimal points as many places to the right-hand as there are 
repeating figtfrea in both number*, and then fufcra&ipg the 
numerators of t^bcir refpedjve terminate values* , ' ' 

I. Two pure fingle circulates. ' 



j 



r 
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Example. - 

Divide «6 by -04^ 

T04 *6 Or, • -4)6(15 

4 60 
•4 6 

3* ) 54(15- ; 

17 c* 6 j ' *4 6 . *4 '6xioo — 6 • 
For r6 .= -> *nd -04 =r ~» ••.-«?• * — _ — ^ 

9 9 9 9 •04X*oo^4 

— ^ 

F*r /fo Learner** Pra&ue. 
Divide 7 by «8; -04 by 2*2 j 7*7 by «6j *oi by 4-4 \ 
r8 by '07 ; - oo8 by •0004. 

a. Two pure multiple circulates. 

Example. 
Divide ^432 bya # > 

V$ l 43* ' \\ 

330600 43^00 

33° 43* 
^9770 )42769( # ?85i6,r&c- 

Rr the Learner 9 * Exercifi. 
£jiv + de ,46 % 9 by 67; ^504 by r68j '014 by 7*655 
£y9 by 9 op%4i WI9 by '071* 
3. A pure fingle circulate, and a pure multiple circulate. 

Example* 



I 



Example I* 

' Di#fc *o&4 by 341 341 

34 1 *P°4 

34100CO 40 
341000 -04 



3069000 ) 39'96( # oooot jo*, &£• 

• - * . Example 2. ' ' 

/ / / 

Divide 70*046 by 4*4. 

4.4 

4000000 70046000 
40 70/04600 

'¥ ' . * ■ * — 

:..• /* 399996006304*400(157665, &c.- : 

/ir /fo Learner's Praftice. 

_.. ., '. / ' ' ' ' ' //*/// 

Divide *4 by -682; *o8 by/427 ; /ooi by 5*04; '087 1 by 7 j 

4-81 by -04. 

CASE VI/ 

^ /// dividend and divifor are boAi Mixed cindates. 

RULE* .-, , 
Find the ncyr disifor andiflivHtefid -Jiy -mooving the decimal 
j*o«tt of tlie'termirmte^valu? of each numerator as many placet 
to the rlght-hand'as there are repeating figures in the oifhej- 
numler, and then fubtrafting thcirrfelpciUve pu^CfjatQ^.'; v 

" 1 > Two mixed 'fingle circulate!. • ■ „ 

Example* 






r~ 



CIRCULATING NUMBERS. ?s 

Example. 

Divide. 2 1*4 by y/^ 

Or thus, 31(193(6-2258, &c. 



3'4 


21*4 


. ..$4 .• 


214 


3 


2 1 


310 


1930 


. 3 1 


193 



2 79 )i737( 6 '«5 8 > &c * 

For 21-4 -r 3-4 = * X — 2 ,_. s 

. 3'4xiO-3 9 

193x10—193 = £93 . ^ 

31 xio— 31 31!. 

Far ri*. Itarntfs PratTta. 

Divide 417 by 8*17; 98-4- by *4i8; M2? by ro4&; 
1 '04 by -087 ; 714 by -0084 ; -687 by 99^ 

2. Two mixed multiple circulates* 

Example. 

Divide -oi 32. by 32-0 u 

31980 1*31 
3198000 1 310 
31980 1*31 

.•*''. 3166020 )i3o8*69( # ooo4i33, &c. . 

Fir 



1 



7$ UTIONAU OF 

ftr tit Ltgrner't Extrrifi. 

$ i Jt t // / / // / 4 

Divide 4*871 by -648 j 4*109 by 7*81 ; -4271 by f o7i4* 
5'67i by -007145 -4876 by •0143^; ^98714 by 48*71659, ' 

3. A njixed (ingle circulate and a mixed multiple circulate. 
Example 1. 

^ Divide # oi{> by POi4» 

1013 # i5 
10 1 30 150. 

9117 )i49' 8 S( # °i 6 43» & 9t 
Example a* 

Pivide 21*07 by 4*511, 

37-9 21050 

i 37 9°° ai050o 

37*9 2105O ; 

37862-1) 189^50(5*0034^0, 
far the Learnt? $ Exerci/e. 

Divide 4* 16 by 2*184; 21*87 by 4*106; 187*19 by •Qijr6i 
•4871 by 50-1 ; 201*47 by '407 !• 



SECTION 



S E C T I ON VI. 

! 

Of the Logarithms <f Repeating Decimals. 

HAV I N G, -in the foregoing Seftons, fupjUfcd; tbejmpa 
with rules for managing the whole do&irine of : circu- 
lating numbers by common Arithmetic, and gurfifctbt theory 
•and reafons for the fame, we fhall therefore now proceed to 
ftew how the whole bufinefi may be eaftty performed Ugo- t 
rithmicalty, having firft premifed the following 

L t MM A. 



When one number is to be divided by another, the 
quotient will be' the faqae as if unity were divided by die 
latter number, and the quotient multiplied by the former* 

For B-—-B* A * 
From hence, and the nature of Logarithms, it is evident, 



that JL. il = L.A — L.B =: L,A + L.i— L.B ; and fince 

in the terminate value of any circulating number, the denomi- 
nator confifts of as many nines as figures in the repetend, 
we (hall evidently haVe this general rule for the logarithln of 
Any circulate, pure or mixed. 

RULE. 

To the log. of the numerator of the terminate v^lue of 
the given circulate add the arithmetical complement of a*. 
.many ninetus the jepetend- has places, arid th* fum will be 
the logarithm of the given circulate. 

Example 



*a 



rationale of 



A Table of the nine Digits perpetually circulating^ 
and of the Arithmetical Complements of the De» 
nominators* " . 



Number* 



Logarithm. 



frum&er* 



logarithm. 



I 


s: 


. 0-04S7524 


-5 = '9"<H57*74 


- ./. 

% 


= 


03467874 . 


— ; s •8-0043647 
^ = T0004344 


'4 - 

3 
* 

4 


mmm 


0*5328786 
0*6478174 


5 


si 


o-7447 2 74 ' 


^- - -6-00004*3 


6 

4 

7 


.= 


0*8239086 
0-8908554 
b'9488474 


" M = •5 , 0OOOO43 

99999 

1 ' 


8 


• 999999 '".•". 




• - =: 


rooooooo 


- * *— '* ^-hrrfittri(V> ■ 


9 

3r ",'-'.":, 


9999999 



PR- AC- 
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PRACTICAL 'QUESTIONS,. 

ADAPTED TO THE 

PRECEDING R U L E S* 

Qucftion I. 

WHAT is the Produft of 14 feet 8 inches, by X* feet 
10 inches? 

That U 14-6 x 11*83' - ^-^* * ^ =* '*7fi = *7j* 
«i.8p. 9 9 

Queftion II. 
Required the Area of 18 f. 9 i. 10 p. by 11 1/9 p. 1 

That it .fo'ff.t x ** ia .S ±= ,18 f, 5 L 1 p* 6A'6 ft. 
9 9 

Queftiyi Ill- 
There is a Hall, the length of which is 9$ £ ? f i. and the 
breadth 68 f* 8 J i. which is to be paved with marble fquarfcs, 
each if. 1 § i. fqu. How many fuch fquares will *t take, 
and what does it come to at 2s 6d § ptf foot ? 

Qucftion IV. 
If 1 C* 4 q rs . 18 lb. of Sugar coft jl js 8d. what will 
IX O. 3 q". coft at the fame tate t 

F Queftioa 
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Queftion V. 

What tyuft I jgiijefor -81b of Tobacco, >when fO. coft 

• 4I 17$ 8d? 

.Queftion VI. 

If the Penny-loaf weigh 7 J Ounces, when Wheat is at 
6s 4<1 per Bufhel, what muft be the weight of the Penny-loaf 
when Wheat israt 3s lod per Buftiel ? 

Queftion VII, 
Suppofii 4 Hh dl , 3 Firkins, and 5 Gallons of Beer, coft 
61 14s 8d. How mqcfai is that per Hh d , and per G n . ? 

• Queftion VIII. 
A piece of Land 4 rods broad and 40 long, being a Statute- 

• .Acre; it is .required toJcnoVf what length, with ID rods and 
2 yards breadth, will make an Acre ? 

Queftion IX. 
A Bill of Exchange was accepted at London for the Pay- 
ment of / 847*53, for the fame value delivered at Lifbon in 
Millrees ; Exchange at 5s 4d pv piece. How warty MSlrees 
were paid at Lifbon ? 

Queftion X. 
AlMerchartt is defiFous to knew how much of each t>F the 
•following Wines foe muft take, fo that the whole Quantity 
«ay %e 84 f G*r at 5s iod per G\ Malaga at 73 6d. Canary 
at 6s gd.* Sherry at 5s* and White Wine at 4s 3d. fr G*» 

Queftion XI. 
In What Via* will £7 per Jnnum pay a Bcbt of aaol 8* 
at 6 per Genu Simple Intereft ? 

Qucfliaa 
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CIRCULATING NUMBERS. 2$ . 

Queftion XIL 

Suppofc a Freehold Eftate of £40 j per Ann. is to be fold ; 
What is it worthj aHoWing the Buyer £$ perCenti Comp. Int. 
tor his Money ? / 

Queftion xin; 

What is the Difcount of 87I 13s 4d for 233 days, at £% 
per CenU per Ann. t ' 

Queftion XIV, 

A challenges B to run a {lace wicji him, if he will give him 
3 rods in 46 ; now the velocity of B's running to thai of A, ii 
*s 31 to 22. Which of tKi tivfa b4at? 

• * Queftion XV. 

In the Year of bur Lord 1775, the Cycle of the Sun was 
i), and the Cycle of the Moon 26. v Required from hence 
the Year di the Dionyfian Period; 

Cbe&oti XVI. 
Required the Area of the Parabola, jurhofe Ordinate and 
Abfcifla art 66-4^ and 41*24 refpe&ively.* 

Qtfcftion XVII. 

* Required the Solidity of a Spheroid, of whicrTtli? greater 
Axis is 12$, andtlielefs 6*4a7« 

Qjeftion ! XVjrf. 

Required the Quadrature of HippK^rate«\ Lunes, C. Di 
{Fig. 1.) jh$ Diimeter A fi bang i$ |, ind A £ f 4^ 

F % Queftion 
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84 MISCELLANEOUS 

Queftion XIX. 
What is the Solidity of a Parabolic Conoid, tht Diameter 

of the Bafe being 975, and the Height 1 1*25 ? 

Queftion XX. 
How many Solid Inches are contained in an Icofahedron, 

the fide of which is 2*4 Inches ? 

MISCELLANEOUS QUESTIONS. • 

Queftion XXI. 

•'• There are fire whole numbers, the three firft of which 
are in geometrical progrefiion, and the three laft in arith- 
metical, the fecond being the common difference in the laft 
three. Now the Aim of the four laft zz 102, and the produft 
of the fecond and laft number is 504. Required the numbers." 

Jnfwtr. Let v, tv 9 x $ y, % % reprefent the five numbers ; 
then, pir Quefl. vxzzw\ x + w = y, x + 2 w = % % w + x 
+ y + % zz 102? and w% ^z 504. For y and z fubftitute thoir 
Values in the 4th. Equat. and it become^ 4 w + 3 x zz 102* 

And from the 3d and 5 th Equat. we find x zz zJ± — zw\ this 

value of x being fubftituted in the laft expreffion* gives 

I c 12 
+ w + ~ — — . (nw zz 10a, reduced, ai* + 51 w a 756, 

hence w zz 12, and the required numbers are 8, 12, j&, $0, 
and 42* 

Queftion XXir. 
" To find the teaft Whole number, which, being divided 
.by 19, fltall leave 17; if divided by 28* Ihall leave 2* re- 
mainder; and if the fum of the two refulting quotients be 

fuWa&cd 



r 



QUESTIONS. 85 

fubtrafted from the number fought, the remainder, being 
divided by 3, (hall leave 2 remaining/* 

Anfwer. Thcleaft whole number that can poffibly fatisfy 
the two firft conditions of the Queflion is 245. per Simpfon's 
Algebra, p. 289. From whence I ike wife it is plain that the 
number fought may be reprcfented by 532 x + 245. But in 
order to obtain a general expreffion for the fum of the retak- 
ing quotients, we muft obferve, that as 532 \$ a multiple of 
the Divifors 19 and 28, any multiple (*) of the faid number 
will likewife contain a like multiple of thefe divifcrs; and 245 
being conftant, the quotients 12 and 8 will be fo too. There 
fore, 19+28 xx + 20 will truly reprefent the fum of the quo- 
tients, which being fubtrafled from the number fought leaves 
485*+ 225. Now 2 being taken from this number, and the 

remainder divided ky 3, the quotients ■ * will be a 

whole number by the queftion, from whence the leaft value 
of x will be found = 1, and confequently that of 531*^-245 
= 777 * wh^k k the number required. 

Note. As 47*+ ao is a general c*prefficn for the fum of 
the quotients, ahy other divifor and remainder befides 3 and a 
may be propofed, and the number anfwciing the conditions of 
the queition found as ab^ve, 

Queftipn XXJII. 

*< ReqqireJ the dimenfions. of the greateft cylinder that can, 
be inferibed in afolid, forced by the rotation of a curve 
round its a*is, whofc equation is «x*---x^y\ abfeifs 40, and 
ftmiordinate 28 inches ?" 

^Infwer* The gr<*teft cylinder that can be inferibed in a 
<plid> generated by % curve revolving about its axis, is when 

F 3 the 
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86 MISCELLANEOUS 

the height of the cylinder is equal to half the fubtangent (psr. 
Emcrfon's Conies, p. 53). From the equation of the curve 

we have °* T T* = the fubtangent; therefore *** ^* 
2ax — i p tax — 2' 

_ /i6o* + 6 



= 4.0 — #• reduced x zz / 7 — 

V l6a 



* iO jboa + 6 



a 16a ~* 

ig # 9988. Therefore 40.— 199988 r: aONDoji = the height 
of the greatefl: infcqbed cylindef ; from whence the diameter 
is eafily found by the equation of the curve* 

Note. Had the equation of the curve been ax 1 — 2*=/^ 

then the expreffion for the fubtangent ■ would be 

evidently ~ ix (which is the property of the common or 
Apollonian Parabola) and the. height of the cylinder :r 20 
cxa&Jy. 

Queftibn XXIV* 

t 

f c If in a plane triangle a right line be drawn from th$ 
vertical angle to the bafc, forming an angle at the fame equaj 
to the complement of half that at the vertex ; the line fo drawn 
will divide the difference of the fegments of the bafe, in the 
ratio of the fides, including the vertical angle: required the 
Demonft ration " 

\Anfwer. Draw BD (fig. 1$) making AD = the difference 
of the fegments j and make BEC = the complement of half 
the vertical angle APC. Let BF be taken =r BC; and CF 
be drawn, and likewife AH || to DB. Then it is evident 
• becaufe of parallels, thattKe angle HAB=ABD==BCA— BAC 
zz the Difference of the angles at the bafe. And in the tri- 
angles EGC,FtiB, the angle FGB=EGC; and BEDzzBFG 
ptr conftruc. therefore GCEzrFBG. But (per Simpfon's 

Trig. p. 62.) the angle GCE =: half the difference of the 
•j . . .. " *- •• 

* angles 
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angles at the bafe ; eonfequently BE bifedft the angle ABD* 
whcocc AB :.BD ( =:BC) ;: AE : ED (per Euc 3, 60 $*BJX 

Queftion XXV. 

" la a plane triangle ABC are given two fides, AG,BC, 
Iritd tfee line CD = BC drawn from the vertex C to terminate 
in and bifeft the bafe AB, to conftruft the triangle gco- 
. metrically." 

Anfwer* Let CA (fig. C.) zz one of the given fides; with 
the other given, fide CB, defcribe .BD ; from A, draw tb$ 
tangent AE, on which defcribe the ftroicircle AFE; with 
AF = FE defcribe FD, draw ADB and it is done. For 
AF* 4- FE a = aAP = AE X = AD * AB ; but AD 
= AF per conftruc. v AD X AB = AF x AF + DB 
= AF* + AF x DB ; hence 2 AF 2 = AF X + AF x DB, 
confequently AF (AD) = DB. $.£.£>• 

Queftion XXVI- 

" In lat. 53 N. ftands a Tower the fhade of whofe fummit 
on Tuefday Tfum 9, 177a, defcribed a curve on the plane of 
the horizon whofe tranverfe axis was 15Q yards 1 required the 
height of the faid Tovter geometrically .'* 

Anfwer. It is too well known to need demonftrating here, 
that when the fun's declination is lefs than the complement of 
latitude, the curve formed by the fe&ion of the horizontal 
plane with the Cone of Rays is an hyperbola. Therefore on 
the given line AB (fig. D.) =. the trafcifverfe axis, defcribe the 
Segment of a circle to contain an angle of twice the fun's giveq 
eclination. Make the angle BAD zz the difference of the 
'"^oolatitude and the faid declination; and draw DCX AE, and 
it will be the height of the tower required. For let DE bife£t 
*^ F 4 the 
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die angle BDF, and AG be perpend, to ED produced; then 
will the angle GDA = EDF = the codcclin. hence the ^. 
GAD = the fun's declination. And becaufe GE is evidently 
parallel to the earth's axis, the angle G AE = the colatitude ; 
therefore the /. DAB = the difference of the colat, and the 
given declination. Moreover becaufe BDF is the corie of rays 
defcribed by the fun in bis parallel, whofe vertex is D, and 
AC the plane of the horizon cutting it in the hyperbola BH, 
AB is man ife illy the tranfverfe axis; confequently DC is the 
true height of the futnmit from the horizontal plane. The 
calculation is very eafy ; for in the triangle ADB, we have 
AB and all the angles to find another fide, fuppofe AD j from, 
whence, and the angle DAC, we find DC == 43.688, 

K t B. I have taken the fun's declination =: 23 d . 

Queftion XXVII. 

u The (horteft fide of a right-angled triangle is given, and 
a perpendicular let fall from the right-angle cuts the hy- 
pothenufe in extreme and mean proportion. It is required to 
coiiftnjft the triangle geometrically ." 

Jnfwer* On the line AB (fig. £) drawn at pleafure, make 
AD =; the given fide of the triangle j raife the indefinite 
JL DC, and take BD to AD in the given proportion. Then 
make $C = PA ? and join CA, and ABC will be the required 
triangle, 

For BA is divided in the given ratio by the X DC, and BC 
~ the given fide per CQnftrU$. and fince BA X BD (z:DA a ) jA 
zz BC% the Z. at C is a right one, pgr Simpfon's Geom, p. 4. r% 
Iheo. 1 9. 

Queftion 
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Queftion XXVIII. 

'** In the common experiment of the double cone rolling 
(apparently) upwards, how far will it move between the inde- 
finite rigrit lines, which fupport it, fuppofing they, meet in an 
angle of 12 degrees, and the plane of fituation elevated 4 de- 
grees above the horizon, the common bafe of the 'double 
cone being 6 inches and diftance between the vertices 13 
inches V* 

Jnfaer. It is well known, in the experiment of the double cone 
moving apparently upwards, that the center of gravity thereof 
does aft u ally deicend; hence, fhould the right lines or rulers 
which fupport the cone be fo pofited, as to caufe the center of 
gravity (on its being rolled upwards) either to move horizon- 
tally, or to recede from the bafe or horizontal line, it mani- 
feftly can have no motion but what is caufed by an external 
power. 

It alfo appears from experiment, that the cone will move 
with a greater or lefs celerity, according as the right lines or 
rulers are inclined to one another in a greater or lefs angle, # 
and that the angle may be made fo acute, or the rulers brought 
§>near together, as to caufe the cope to roll downwards; con- 
sequently there rauft be a certain angle, in which the cone 

will reft in any part of the inclined plane now this angle 

as very eafily determined as follows: Let ABCD (fig. F.) be 
an horizontal plane,, and AIHD a plane inclined to it in the 
angle FMG. tct alfo MH, MI, reprefent the indefinite right 
lines or rulers, and KMLE a vertical fe&ion of the double 
cone. 

Then becaufe FQ is parallel and equal to NM, and HI 
parallel and e^ual to KL, it is evident, that while the plane 

KMLE 
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KMLE Aides vertically betwixt the line* MH, MI, (which is 
the fame thing ?s the cone rolling) the point N will move 
horizontally on the line NF, and when it arrives at F, the 
lines KL, HI, will coincide. And moreover, from this equality 
and parallelifm of the lines, we have this Analogv, as NM:NL, 
or as EM : KL :: FG : FL But if we call FM radius, FG 
will be the fine pf the angle FMG, and Fl the tangent of the 
angle FMI ; therefore as the diameter of the common b&fe 
of two cones, is to the diflance of their vertices, fo is the 
the fine of the plane's elevation above the horizon, to the 
tangent of half the angle included by the two right lines or 
rulers. Hence, {hould the given angle be lefs than that found 
by this proportion, it is plain, that the cone cannot afcend, 
fince on its being rolled upwards, the center of gravity muft 
move upwards likewife. Let this now be applied to the prefent 
cafe, and we {hall find that the angle, or inclination, of the 
indefinite right lines, ought to be fomething more than 1 7 12% 
to ^aufe the leaft apparent afcent of the cone ; but this exceeds 
the. given angle in the Queftion (viz. 12 ) confequently the cone 
can in this cafe have no motion of itfelf. This will appear 
ftiU plainer, if we fuppofe the cone to be rolled along the in- 
clined plane, to any given diftance (fuppofe 10 inches) from 
the point of contad of the rulers $ for its center of gravity in 
that fituation would be found by calculation to have receded 
from the horizontal bafe line 6*212 inches, and confequently 
the center of gravity would have afcended '212 of an inch, 
which is contrary to both theory and experiment. 

We 'might purfue this matter ftill farther, by (hewing the 
greateft angle of elevation of the inclined plane, as well as the 
greatcft or leaft dimenfions of the cone, whereby it could 
poflibly afcend. But as all this muft be very obvious to any- 
one 
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one who duly attends to the principle of gravitation, it is* 
Btedlefs to fay any thing more. 

Queftion XXIX. 

Required a general rule for the infcribing of regular Poly* 
gons in a given circle. 

* The rule given by Mr. Malton in his Royal Road to Geo- 
metry, Prob. 25. which is alfo the fame with that in Ward's 
„ Mathematician's Guide, Prob. 20. is this, 

" Draw a diameter AB, on which conftruci an equilateral 
triangle ADB ; or draw the two arks only, interfering at D, 
(this pieparation is the fame for any polygon whatever;) then 
flivide the diameter into as many equal parts as the polygon, 
required, has fides ; and through the fecond divifion, from 
cither extreme, draw a right line from D to*he oppofitc fide 
of the concave circumference." Upon this Prob, Mr. Malton 
makes the following remarks; 

" Thus may a fide of any polygon whatever, contained in 
a circle, be -obtained; by obferving the rule given above. 
And it is truly worthy of notice, that any right line drawn 
from D, cutting the diameter and the concave circumference, 
will cut them both in the fame proportion \ or in whatever 
ratio one of them is divided, a right line being drawn, from D, 
through the point of divifion, will alfo cut the other in the 
fame ratio." 

" Of this con ft ruction or equal divifion of the diameter and 
the circumference, no demonftratton can be given, having 
confulted feveral able Geometricians concerning it j who fay, 
{hat it is only an approximation, and not mathematically true. 

Yet 
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Yet I muft own, that I do believe it to be perfectly true, or 
it could never anfwer fo very accurately, as it does, in all 
divifions whatever." 

It feems to me fomething very extraordinary to fee a pro- 
felled Geometrician reafon fo very ungeometrically. I -always 
thought thai not even a nacre reader, much lefs a reformer of 
Euclid, could give his aflent to the truth of a geometrical con- 
ftruction barely from a feemiog concurrer.ee of points, or 
coincidence of lines; but from an obvious regular deduction 
from firft principles. For I am very clear, that there can be 
nothing effected by lines (at lead in plane Geometry) but a 
demonftration may be given, directly or indirectly, of its truth 
or falfity. If Geometry were founded on no better a bafis 
than the bare teftimony of •external fenfc, I am afraid we fhould 
foon view the whole fabric in ruins. Mr. Malton v through 
his whole performance, feems to lay a great ftrefs on an ocular 
demonftration. From whence it fhould feem, that in order to ' 
become a proficient in geometry, it is indifpenfably neceffary 
.to be furnifhed with the whole apparatus of a good microfcope, 
which fhould be the criterion of every linear conftruction. It 
is to be hoped, however, that the following inveftigation will 
fully convince this Gentleman (without relying wholly on our 
optic faculty) that this rule is fo far from being " perfectly 
true" for all regular polygons, that it anfwers in one cafe only, 
when the cofine of the angle at the center fubtended by the 
fide of the polygon is equal to half the radius, which is eafily 
ihewn to be the property of an arch of 60 or 120 degrees, 
anfwering to the trigon or hexagon. 

K. 

It is fomewhat furprizing that fo many able Mathematicians 

fhould be consulted, in order to be fatisfied of the tfuth or 

falfity of this rule, which may be fo eafily demonftrated in the 

following manner. 

Bifc£t 
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BifeA AB (fig. G.) the diam. of the given circle in C, 
through which perpendicular to AB, draw indefinitely HD. 
Take AI to AB as AG is to AGB, and draw GID. Then 
muft D evidently he the true point, from whence a right line 
being drawn through the given point I, will divide the diam. 
and concave circumference in the fame ratio. Draw GF 
perpendicular to AB ; then will CD be a fourth pro- 
portional to IF, IC, and FG. But FG is the fine, and FC 
equal the cofine of *he arch AG, and CI is known from AB 
and A I being given $ hence we have this analogy for finding 
the point D* fo that DG fhall divide AB and AHB in the 
fame ratio. As the cofine of AG — CI : fine of AG :: CI : CD* 

Thus for the trigon, if we call AC, i, AI will be equal -, and 

3 

thence IC equal - .\ As Cof. 6o° : S. 6o° :: - : 173205 

rzCD. After the fame manner we find the diftance CD for 
the regular polygons as follow : , 

Pentagon, as Cof. 72 : S. 72 :: I; 1 74^.73, =CD.-. 

Hexagon, as Cof. 6o° : S. 6o° :: - : i-73205,=CD. 

x Heptagon, as Cof. 51 , 21 -— ^ : S. 51% 21 * ::- : 1*71903, 
= CD. 

Kbnagon, as Cof. 40 — ^ : S. 40* :: - : .1 '69654, =CD. 

Decagon, a» CoC 36 — 3 : S. 36° :: I : i*68 7 a8,=CDi 

Cndecagon, as Cof. 32°, 43 £ -±. : S. 3 a°, 43 £ :: £ : 
1*679165 = CD. 

2 2 *v 

Puodecagon, as {j!of. 30° : S. 30* :: - : v6jmfl+—GD* 

3 3 Now, 



4 Oclagon, as Cof. 45 — -: S. 45 :: - : 1707 106, =CD. 
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Now, by Malton's (Ward's) rule CD is equal ^AdI*— A<3h 
zz 4/3 '= ^73205; which comfponds only with the trigoii 
or hexagon* The reafon why itts conftruAion anfwers to thd 
arch of 60 or 120° will be evident if we coafider, that in this 

cafe, CD is double of GF, and thence Fl is - of FC j but 

3 

FC is =• ~, and therefore Al is = * of AB ; Which is the 

fame part as the arch AG is' of AHB. Hence it plainly ap^ 
pears, that the point D found by Ward's method is n6t triifc 
for any polygon whatever, excepting in one {ingle Cafe ;. for it 
is evident that the fide of the tetragon cannot! be faid to be 
found by this conftrufiion ; for by the above analogy it Will be,- 

as Cof. go* — 1 : S* oo° :: l : -> which {hews that CD^ in thi* 

-. * o 

cafe is infinite* 

The latter part of Mr. Walton's 47th Prob'. (which is alfcf 
Ward's) is in the fame predicament with the other, being 
proved to be fiilfe as follows : 

The conftru£tion being m*de according to the i ulc (fig, H/)* 
it is evident from fhe like fituation of the circles, &c. that 
wheccver the point B is taken in GK the lines EF, DC, wilf 
be always parallel to each other, and the z. DCF = CDE, as' 
alfo DEF = CFE, The fides CF, FE, and ED, are likewife 
equal, . being each a radius of the fame ot eqdal cif'cles* What 
remains then to be proved is, whether the L DCF be q? the 
greater angle in a regular pentagon, formed by the diagonal and 
fc fide* The moft dircft (if not the only) jtofhod of invefti- 
gating which appears to be by a calculation of that ingle* 

Having dfawn filch Jines as appear by the fig:' EF will be 

the fide of a regular hexagon, and FB the fide of a regutai? 

• -Aritatfg&v Wcribcd iji the fame-circle^ and ftey are therefore 

6 
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in the ratio of l to V2 — v^. And fince FG js X IK* *»d 
KC || FG, the Z. GKC is aright z. ; and the z. KBCnABI 

lis evidently pi,- -a right Z.. AHb, as BF is the fide -of a do- 
decagon,, the <L FIB zz -of a right jL> and confequentjy the 
Z.FBI = ^.of_4 right ±; but the £ CBF is tbelup.of 

«BC .+ FBI v *he /. FB(? zz - of a right, z. =6o°. Th*n 

- ; • 3 

as the fines of the z.s FBC, FCB are in the ratio of their op- 

pofite fides FC, F-B, we have, as 1 : V2— V3 :: 5. 6o° : J S. 26% 

3 8',i" nearly; hence the^PCF=DCB + BCF = 7i°, 38', 2". 

But the jl DCF in a regular pentagon is 7 2°. Therefore this 

cpnftruftfoa is faiCe alio. ': « * 

*.\ 1 '• • " ; *• 

N. B, Swce the atoYe.was written, the investigation of 4 the 
veracity of thefe rules has been proposed in the I^up {Diary* 
to which 'theabbve anfwers were fent with Tome-alterations. 



. :.i i •' : Queflion'XXX. \ 

To find the fum of a feries confifting of 1000 furfolid num- 
bers whofe roots are -, — > - f -, f, Ac. 
63236 

Anfkxur. The general expreffion*' for the •Aim 'of 1 a' feries of 

powersas^ , ?+3"4-4 ,, ,"&c. tbr-iitermsU— - — r— + , Sc. 

. ' ' :i . ; > »+i • 2 ,,34' ^ 

i_Jj_J^ + n+n-tx^2 &c> Andfinccthcroots 

»+t 2 3.4 , **3«4-5- 6 - - 
of the propofed feries are evidently in Arith. Progrefs. and 
the common ^ifertdce equal 10 the firft term,- we^kiay'eafily 
adapt this general eqmtph to thegivtn forks *by^^B»g,i*iitty 

u> 
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to both tide* thereof, and multiplying the whole by 21 . For 

then it beco»e.f + ]f + J - - - - + J ( =| + f 

+ a " " "jj' ^ given fcries ) = I x : ^r + ? 

3.4 2.3.4.5-6. »+lT2 3.4* 

(till it torminatcs) =: z x : * ., . + • + 3 ! iZZL 

01 6 2 J2 12, 

=; 21497824502732767 the fum required. 

Queftion XXXI. 

In ft geometrical progrcflion beginning from unity, having 
the common ratio and number of terms given, the Turn of all the 
changes in the feries will be exprefied by this general theorem 

r*— 1 xi.2.2 » 

r j^±f * U + 10+ 100+ 1000, &c..- 

to b terms; where each term muft be diftinaiy confidered, an4 
tftimated according to its variable local value in the feries. 
Required the demonftration or investigation ? 

Qyeftion XXXII. 

If A be any given number, P the placesof figures, and C the 
number of changes, then wHl the fom of all thofe changes be 

reprefented by this feries ^+1^+ !22*£ y &,..._ 

continued to P terms. Required the iaveftigattoa. 

Queftion XXXIII. 

Requited to find a fraaion filch, that being taken from Its 
ltcinr#aA the remainder Jhall be a fquare. 

Tkis 
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This queftion vn$ propofed in the Ladies 1 Dia/y for 1768 ; 
but as the poffibility, or impoffibility, of fuch a fira&ion exift- 
ing has never yet been (hewn, and therefore the queftion not 
anfwered, I thought it not improper to do it here. 



j If we put - for the required fra&ion ; then, pir queftion, 
r - — - is to be a fquare numbers but - *— - is equal f 

j * 1 * • *y 

- • therefore the queftion is, To find two numbers fuch, that theit 

I produ& and the difference of their fquarel may be fquare num* 

ben. In order then to inveftigfcte two fuch numbers* if pof* ' 
I r % r+ 

; fible, put xy ts t\ then will * ae - 5 therefore -^ -r / = dh 

\ fcr queft* Now it is evident that — will be in the fame ratio 

\ to /, as the hyp. of a right-angled triangle is to a fide ; that 

is, as b : * ~ — : jfc V j = V r x r. Prom whence it 

j appears that if a right-angled triangle can be found, of which 

the hyp. an<l either fide are rational fquare numbers, the 
^ueft. may be anfw$red, otherwife it is impoffible. But that 

■ it is abfolutely impoffible for fuch a triangle to be formed, will 

be very evident from the general expreffions for the fides of a 
commenfurate right-angled triangle, v/a. m % + *\ m % — »*, 
and am*. For fince jw* + *% and m* — n % (or zmn) are both 
to be rational fquare numbers* it is plain that in the former 
cxpreffion m and n muft themfelves represent the two legs of 

I a triangle ; and in the latter m muft alfo repsefeqt the hyp. 

j and it a leg of a triangle 5 hence it follows, that either m muft 

i at the fame time have two different values* or that there muft 

be a right-angled triangle exifting the hyp. of which is equal 
^ to one of its fides i both which conclufions are abfurd. 

The abfurdity of this queftion may be alfo Ihewn rather 
differently, thus; Since **— -/ will be always a rational 

G fquar^ 
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ficjuar* number When > rr — — vJurtVf' : w»ir he*aWayaa 



..* 



nuio/ial fquare' whtn # ZZ —, (where y and r may he taken 
at'pleafure) it appears,* that if — r- - -, be a fquare number, 

i— — muft neceffarily be equal to — . Therefore if we fup- 

po[& r of the fome v^lue in both expreffions, {y beyig thf 
fa«i^?ffjcyn r ;th^. nature ,q!F the queflion) we fliall have or 3 .as 
y l ,+ yrtl' and this fuppofition we have certainly- a> right t* 
duke, fince the numbers are taken at pleasure, confequeptl^ 
if it can poffibly be a fquare. number, it mu£ evidently tyold 
equally good in this cafe as in any other. Now in this 
equation nothing can be more obvious than if rxSry- that nr? 
will be greater than y z + yr% and if r~nj that ar 3 will be 
lefs than y z '+ p* a ; therefore this equation cannot poffibly ©br 
tain in rational nuriibers unlefs r zz y, arid this gives x zz y 
alfo ; from whence nothing more can be inferred than that 

the required fraftion muft be -, or unity; which again (hews 

the abfurdity*of the thing. The queilion therefore . requfrcs 
ah abfolute impoffibility. 

. It may, perhaps, be objected by the lefs difcertiing reader, 
that thefe are not fufficient proofs of the abfurdity of this 
queftiorij as there are vulgar fractions which are equivalent to 
rational fquare numbers, and yet neither numerator nor de- 

nominator independently fuch ; ^nd therefore ' ■ / ■■■■ may £>e a 

fquare number, when neither x* — yV nor xy are rational 

fquares. To which it may be anfwered, that it can only fo 

happen, when the numerator and denominator of a 'fra&ion. 

are not prime to each other, or in their loweft terms. But, 
X * —■■ v* ... V 

— muft evidently be in its Ipweft terms when - is fo t it 

ty , . . *■ r X 
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If * .- - . 

i* therefore impoffible that the exprefiion -— - can be a fquare 

i • number, unlefs both x % — y % and xy are fuch, which has been 

t before proved to be abfurd. 

Another queftion equally as abfurd, which has been fomc 

time handed about, is, To find a triangle fuch, that not only 

the fides may be whole numbers, but alfo a line drawn from 

[i the angle at the bafe, and terminating in the perpendicular, 

may be a whole number \ and moreover, that the fquare of the 

j letter ftgment, taken from the fquare of the whole perpendi- 

' lar, may leave a whole fquare number. 

Now the three fides of a triangle are only commenfurabl* 

' \ when n? + n z denotes the hypothenufe and m x — »% and 2w* 

, the two fides ; tti and n being numbers taken at pleafure, fo as 

m tr »« Let then AB (fig. 2.) be denoted by %mn, then caa 

AD be (Exprefled only by n? ~ n\ if fiB, AD, and BD mull 

kc rational numbers. And fince AC* — AD* is t;> be a whole 

' fquare number, per queft. AD will be alfo the fide, and AC 

the hyp, of a right-angled triangle j but AD is equal of — »% 

ar\i therefore AC can be reprefented only by «* + »% to be a 

I whole number j and fince AB is denoted by a**, AC can be 

I- equal-only to m z — «*• Hence it is evident, that if AB, AC, 

i BC, BD, and AC* — AD* muft be whole numbers, AC muft 

jiecefiarily be equal to both /w a -f «% and m z — »% which is ab- 

furd. But as this may not perhaps appear wholly fatisfac- 

tory to every reader, fince m and n may have different values, 
and yet zmn which reprefents the hafe of the triangle continue 

the fame, I fhall confider it a liyle differently, .Let AB zz 

* wnn (as before) = 2pq 9 where m zrn, p cr q f mcrp* and 

V q e- », theji will BC = m z + n\ AQ = m z —n\ BD = 

i f + f> a£ * d AD zzf — q x i but by the queft. AC Z +AD* 

; g a zza, 
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sr D, th*t is m t — n t \ % + y — j x j*=r O f Now it is obvious, 
fince the fum of thcfe two fquares i$ to be a fquare whole num«r 
ber, that their roots muft alfo reprefent the two fides of a cam* % 
jnenfurate right-angled triangle; but if ^* — f be one fide 
thereof, the other can only be equal to 2pq when all the fides 
are rational, hence m x — n* =z 2pq == 2mn 9 and AB =: AC ? 
gonfequently BC (= m z +n z ) is irrational. 

That AD an4 AC may be both exprefled by n? — i|* t and 
BD and BC by fli* + »% when the bafe is denoted by 2w», is 
evident, becaufe, as we have juft obferved, the faftors m and f? 
jtoay be varioufly afiumed, and yet the bafe of the triangle* re- 
gain the fame numerical value. From whence it appears that 
there may be various right-angled triangles of rational fides, 
^having one common bafe. To illuftrate this, fuppofe. we take 
4he 1 8th Queftion of the 6th Book of Diophantus's Algebra, 
where it is. propofed, that in the right-angled triangle ABC, 
AB, BC, CA, BD, AD, DC, (hall be all whole numbers. 
Let zmn =: any compound number, fo that m may be always 
greater than n ; fuppofe 24; then will m == 4, or 6 j and n zz 
3, or 2. From the firft values of m and », we have AD = 7, 
BD = 25, and AB =: 24 ;. and from the fecond values of.m 
and », AC =r 32, BQ =r 40, and AB zz 24 ; and thence DC 
*— 25.— It may here be obferved, that this is a general m'e- 
* thod of folving the problerh ; but Piophantus is obliged to 
. draw the line BD, fo as to bifect the angle ABC, in order to 
get an equation, viz. AB x DC r= BC x AD, to make the 
fides become rational. 

If we take imn n 28, and m = \Sity or \Zq8, and thence 
it = ^.7, or V2, (for 2 x -y/28 x V^ -= 28,.aod 
2 x i/98 x */* = 28) we fhall have AD = 21, BD = 35, 
AC = 96, BC rr 100, AB = 28, and thence DC = 75 ; 
which are the numbers found by Djophantus's method* 
i Hence 



r~ 
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Hence it appeals, that it is equally as eafy to find a right* 
' angled triangle, with any number of lines drawn from cither 
of the acute angles, and terminating in. the oppofite iide, (& 
that not only the fides of the triangle, but alfo the lines fit 
drawn, and the fegments of the oppofite fide formed thereby, 
(hall be all whole numbers | provided we can find a compound 
number to reprefent half the bafe, which may be 'itfolved 
into as many different fa&ors, 

Queftion. XXXIV. 

. * In triangulo plarjo ABD, angnlus DAB obtufus eft t 

angulus DAC reftua. Dantur AD + BD =: 51, AC per- 

pendic. ad AD = 21, AB s 32. Quaeritur AD. (fig. 3.) 

Solut. Ex A dimittr perpendicuium AE. Sit AB sr a 9 

AC s: *, AB + BD = c 9 AB = *; tunc (ex natirra trl- 

• ■ N BD*+AD*-AB* . _- e— y*+vt~it 
angulotum) 1 ^ dat DE = ^_^ 

Et ob fimilia triangula ACD, EAD; erit DC : DA :: DA : DE, 

AD* 
tf {pir Euc 47- iO DC ~ ^AD a + A^, ergo AD » +A( y» 

~»* *« . 3 • f — * c * + *** — ** ** u . 

rr DE, Ezinde erit . = y .. , hinc 

?equatk> numerofa — 8072** + 501636*' -^9856921** + 
* H>973«8* = 1096735689, ex hoc *;= i3'679^ QE.D* 

* This queftion, with the fojurion, as they tie here infected, were fent 
* to the Editor of the Town and Country Magazine in Jan. 1774* **d the 
queftion was accordingly propofed in Feb. and anfwered in the next Maga- 
zine by Mr. G. B. of Coventry. But as the folution there given (if it 
may be called one) if very inelegant, and the conclufion falfc, I thought 
this a proper opportunity of giving the true one. 1% is evident, from a 
comparifon of the folutions, that he has either- committed an error in the 
reduction of his final equation, which would artfe to very high dtmenfions ; 
? \ oretfehehas found the meafure of AD from a mechanical cpnftruQion, 

\Jt •> #hich is little better than gutfling at the an/vver« 
I . ♦ (3 3 Queftion 
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* ■ Queftion XXXV. ' 

There are three ports ABE, whofe bearings from each other 
are as follow, vi%. B frqtn A, }J by E J E ; E from A; E by S, 
ind E from #, S. S. E. A flitp at the port A being bound tq 
A certain ifland, C, bearing N E* fafleth thence J? by S, and 
after running as many- mile? (by the log.) as the port E is 
diftant from A, in a current which fetteth NtyE, arrives at 
her defired haven 9 which is ioo miles diftant from B. Quere 
the diftancc of the places, from each qthej?, an^d the velocity of 
the current, without Algebra ? (fig. 4.)* 

ufn/iuer. The figure being conftrufted as per queftion T In 
thp trapezius ABCt we have BC ^z joo, and the ^'s,BAE 4 
= 87°, t xi^ i5-^AEB ^; 56^ '*/,'. ABE = >% 33', 

[CAE = 56; v i^7AEC = ioj*, 15', and AGE = aiVso^ 
from whence 'we find BAC :i. . 30 ," 56'$, and BEC == 45% 

•Now if the- fines <rf- all the arigles-be-cjrawirto any determinate 

( f|ujius > it will readily Appear from aiimilarity of triangles, aqjd 
the compofition of thpir^atios^ that as the fin. BAG x fin. ACE ; 

Htki &$E x fm. BEC:; BD :'I)Cr: 1967 : 42102 ill : 2*136^ 

"" * This* queftion appeared * in the Tqwn~artd Country Magazine, fop 

£ept. 177*1 *M ^as an ^ were< l ty tl\e propoferMr. C, in the next INlagazine, 

the above folution being (as I was informed]) fent too late for die month. 

''•'What this 'Gentleman there gives'us 'as ablution, may with juft -as rnucfc 

propriety be called fo, as, faying the drawing of a geometrical figure is the 

H; demohriratitfg of its' properties. For it plainly appears froni the queftion, 

: that the* methbd bf inveftigatihg the numerical values of the diftances and 

'the veloc. of the current without having iecourfe to Algebra\ was the thing 

required, and notVbare , 'confhfa£tion of %t 9 which, by the bye, he"has alfo 

rendered quite falfe, by taking the a'ngl' NAB much lefs than' 'that given in 

f the queftion. The'demonftration and calculation lie has' bitii tied',' tecaufe, 

& lie* fays, they are too evident to' be infnte'd oh; b^t in this* I cannot help 

' thinking he is much' mifrakeiv for I arri'pt-etty certain that no one can fee 

''the reafon of the analogy, upon which Mi folution wholly 'depends, without 

, fbme recollection. ,k v *"-♦••••>•.■ * ':•:;'.. 

•: ~\v . ; -r . The 
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The fum of the ang. at the bafe of the triang. BDC \% ,112°, 
26' ; therefore (^r the third axiom of plane trigon.) it \yill 
be, .as 3- 136 : IU36* :: tang: 56 , 15', : tang. 28% '28% half 
tW difference of tKofe. angles; whence the L. CBjb is 8*4% 43' 
^rii BCD 2j 9 9 47'. . Thefe being obtained, we eafily* find al* 
the 'diftances, that is, B'A == $&66yBEzz id8*9Z,'AE = 64*94] 
AC = 166*1 ij and EC i~ HQ'fo.* And fuice EC il || to'Aa 
j(the direction of the current) per conftrucV therefore as 
AE : EC ::,i : 2:13, which is 'the ratio of the fhip's velocity 
to the velocity of the current, which afe all obtained withaqt 
Algebra, W.tp.R. ' ' ' ' '* 

*- : *' ' ' ,' :i 9i{<!flion\XXXVt 

**!y 'in a plane* tfiangie, having, given the. vertical angle,* the 

difference pf .the bafe and one fide," and the fum of the per- 

t .. .♦ , . <** » **'?,*; » * . ) t j Li* . . . ••; . , • > .» 

pendicula^ , ,n;om the angle of the bafe contiguous ^o that iide 

if pop the oppofiVe, fide, and the fegrrient thereby cut off from 

*\hat opppfitp Cde.CQhtkupus ' to" the. other angle at the bafe; 

Vo CQh{tru&ihe/triamHe*V* '*"'.. 

* * ^hfs ; qtfeftioVi J wa 7 s jJroflofed'ln ^heXjufies* Ifiary for 4 774, *y "the 
:3&v? Mr. LswfoiQ tf \wigch hvo different foliitians were 2h{jart<?Hh ~the 
laft year** Diary U7 the Rey. Mr. WiVllxjre, arid the audicft'J^ thjf 
Treatife* But as neithej >of tfiefeyfolutjons ,werc concifc enough for the 




1 elegant loltitlon: * How far thrs 'has' been pei^ 
Cformfed I fl*all riot pfctWid td dete*m*rf$*;bUtJthe method of cbitftru£tioh 
*$tvep in the T6^n ( an<! ^ovotry^lnga^et^ eeripinly, njpje fimple thap 
jej^iexof thofe jjji f hje^Djary. ? Bu^astheiigfire.itfelf U quite falfe, owjng 
to a want of paraUeUfm. in the Jines^ the triangle produced docs no^ in any 
one refpecYcorrefpbncl to the data/ the vertical angle' oein'g much too large, 
£tfntl the Jaflutftfii tJifferartc* ift the qtrqifioii Jjfcing: ^double of 4hat.4h the 
Tangle. * \}$op> -tfeisj . ac#* j nt,, «nd : the wan* df a j dco|oaib|itip,n, .,whitfi 
^c^ajy^jjoj^poe^ Jo jjrWwt^at.^ait,^ tjje .yj^ffjjftdy^ ffte 
Jpaems to think, I have inferted it here and corrected the figure. 

G 4 . CONSTRVC- 
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Construction. 
* Make AB (fig, A.) equal to the Aim of the perpendicular 
and fegtnent, the axjgle ABC, 45*, and ABE* the fupplement 
of the given vertical one, BE the given difference. Produce 
CB to meet FED drawn parallel to AB, in P. Join the 
points A, D, draw BH = BE; from A draw AC and CG 
parallel to BH and BE refpcaivelv, then will AGC be the 
triangle required," 

PlMQPSTRATlON, 

praw BK || to DA; and join EH, and GK. Then, fine* 
AB is equal to the given fum of the perpendicular and feg* 
snent, and the ± ABC half a right angle, by conftru&ion, 
a perpendicular let fall fsoiQ any point as C upon the oppofite 
fide will be equal to «B (En. 9. 4.) .'. Aq + aC zz AB, the 
given fiim. And as the z. ABE is equal to the fgp, of the 
given' 4- by coqftruc. and CC || to BE, the 4 CQB is equal tp 
the 4 ABE (Eu, 29. i 9 ) and therefore the 4 CGA equal to 
the giv$n vertical angle, And nporeever, becaufe PE^ DH, 
DB, BH, BE, are refpeftivcly || tq JBG, BK, BC, CK, CG, 
the triangles BEH, CGK are fimilar. But BH is ss BE .% 
CK is = CG. And again, becaufe PA is || to BK, and KA R 
to BH, KA is 2= BH 2= BE =r the given difference of the 
bafc CA, and one fide CG* %E.D. 

Queftion XXXVfl; 

]n the mound of an Elliptical Garden, whofe tranfverfe fs 
to the cpnj. ai 3 to 2, a pedefial, 50 yards high, is fo placed, 
as that the apparent magnitude of an Herculean Figure, 10 
feet high, on the top of it, is the greateft poffible to an eye 
fituared on fhe tranfverfe, and 20 yards frotp the center of the 
JiHipfe. Required froqti hence the Area of the Garden* 

- Anfunr. In Fig. 5. EF repiefents the pedeftal X to the 
plane of the fcmi-cllipfe ABI; FG the ftatue, and D the 
|iv«i j>oint in the tranfverfe. Now ft is eyidew foee DJJ is in 
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the plane of the ellipfe, and GE 1 to that plane, that the 

4 GEO til a right one, and therefore if we call GE rad* 

ED x GE 
ED will be the tang, of the 2. G, and * ■ ySr that of the 

a F. Moreover it is evident, that the jl FDG under which 
the objeft is fcen, is the difference of the angles DFE, DGE, 
which muft be a max. per qucftipn. Making therefore FE =r a 9 

EG 2 J, and ED = t, we have — = the tang, of the greater 

angle, and / rr that of the left; and the flux, of the difference 

of thefe angles, exprefled ia terms of the rad. and tang, is 

Pi abH 

Trr*p -~ ■avAA t which being made s 0, and reduced, 

gives t =: </ab. Hence it appears that DE the dift. of the 
pedeftal is a mean proportional between GE and FE. 

Now,' it is obvious, from the nature of the queft. that the line 
PE mttft be the neareft dift. to the curve, or a min. therefore, 
putting ID 3 r, and the fern, tranfv. 3 x, we have (p*r 

queft* and Emerfvts Flux. f. 136) — a DH; hence (Euc, 

*6r* S 

47. 1.) *J — I — z: HE% and fir prop, of the Ellipfe, 

4 ; «t^ ** 4 J"" «k* . i*» 

2 x ** -*• = HE* j V Z x #* — — = ab — *-«* 

9 25 9 25 a$ 

reduced * 3 245*9385, and thence the area of the Ellipfe 

3 136681* 1 (qnarcfect*. 

Queftion 

* This queftion I propofed ia the Ladiet' Ditry for 17759 to which a 
folution is given in the Diary for the year following by Mr. Rowe ; but, 
by a miftake in the conclufion of it, he has brought out the required area of 
the ellipfe only about one half what it ought to be. 

The fame queftion was re-propofed by the condu$or of the mathematical 
department in the T. and C. Mag. for Aug. 177** occafioned chiefly, I 
imagine, by the miftake in Mr. Rowe's folution. — And here, in order 
to do jufticc to the author of the Diary and myfelf, I am under the dif- 
agrecablencccflky of informing die reader, that the note fubjoined to the 

folution 
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^ . From tftfr^afoftai^cxpreffion h/ity+.a 1 — xl*?$~A^ 

rr o. Required k finite va!u? of * in terms of y and known 

, \ . . '■ :f7;xi »■ • . :, t...ir .;.-'■:. / •>• <•• f . 1/ ." * 
quantities. 

' Anfwer.' -T*hV exprefijon by/tranfpofi'tWn, ^c,* become* 

iiWVfl 1 — y* — 4.i*y\* Divide by,*4*j\ *nd there arifeji 
•• .; - "'-iM.f::,;; v : m*! v A ^2"! La:: /> ~ ; y: 

*? % ** — fi K 4f i h #' c .? T^TT^^' ? -^ ^ 

. r I . • ...;." t - " . >.'>•' 

iolutioa of this queftion in the Mag.* for the month .following, contain* 

aftenions. that.i **verw*6ee:or efcd^orffayi'Mtghj of? which the following 

letter will evince, being copiec^ verb^n ^fi'OfQ %\i*l W/wkktJic abpv* 

folution to the Editor pf the T.and : <l Magaime. '* *•' , . 

.'• i ■ ».- ■ ->/'. -j i i, ii«..^. ' . « * ' .n: <; «i «».* 4 

T " Sir * , . ■./':.' -.; . .. •• 

r: " ^s it WiirD'e^iturally expe&eci tWtT'ttpftli otfer a^olutfon to ray 

^bwti queffibin'Fhlweto^ wfcn^harf gavt x^ 

f^the- arothor »f .the :©iary.w^towftti4ioii 'y&ucfpea* (I is3*n*fety 

«^ rigjit, hut J thought it i^hei\unne£en r ary..tp mentjon #, jjj^aufe it i$ 
**** obvious* to* every one " thaj citfier *tliiJ limitation mu"ft be'underftood, or 

". the lituation of thepedeftal in the perJphMy given j l \ltherwifc th^ queftjoa 
ttl would be 'abTdlutcfy' nnanfWerable.^ — Mr". Rpwjp's folution h on tfe 

<* type principle as thp above"- but j$ rendered falfe, I -Wfervc TTy a mlfr 
««rtike'in the ^ricJ^ToiTot icV Kavag*put«down 3 X^g^lT^-f*^^ 
sV.inftftad^crfv 6% -^5^ *4* +$&* jthfeihitt«r^;nH^qn l>ringirtftv»t ^ c 

" fame numbers as the above. .^ * , ."^ . •• •"! * i ''rV * - • 

- ^ w I am,&c. M 

^ »J remember, ^^ren^e <o^ew^^s fc ^^^ 
Jwps. may.be tlie .cafc here;. bi^^q{wj^ftan4ing this^ I cannot ^elp obi 

Aferyjngf that whose v^ compares t^s j fetter wjjth.the ^5te (i jbcfoV|-m<«yoi)^d 
will hardly forbear tearing itojit of,jJje (/ Mag.. as a .dpwnrjgjihfftlfehood. 

f -: — It .is a pjty that this entertaining and curious mifcellany (hould be 

1 projfti.tutcfl to.fucli low purpofes in v the l JVIathematicar parts," "as to be a 
vehicle for maleVolehc'e and fpleep'; *rhe' repropofing of tlijs quef!. in the 
^(Tag > bciog evidently.Qnly another \yca\i eifcrt to depreciate (if poflilile), 
'the matheniaucaf character of the prcfeht author of th'e Ladies jDiary ; for 
whiwh puqioFc, it lecms, truth or faiienodd is equally xitblcrvicnt. 

Emtrforfs 
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Bmerforfs Tables, Forms 10th and I2tb, we get the fluent 

pf, — * m ■ j = — —i and therefoifc the fluent of 

• f*/a % —f aay 

' dy — dy/a*—y % ' dy/a v —f 

■ 1,; ; ■ = •' • ' ,>? + > . whence, * =a — ujj > i 

yW a % —y % a y a * 

the Neg.,fig& ftftwifig that it would, wpiift a. c^n^Oll 
^fccordwg te th$ ii^nae of the pFQbJem, '. ; 

.-• ' -• f,.: ■ « . ' •„'.'.'.. 

,. : QijeftioA XXXIX, , ... .. 

" ' % V ¥ * ' * 

In the exprefBgi) ^f-,, required the relation of j and 3, 
foppofing tb*i* nafirem increments to be cbtemposaneousj and 

.the fluent correfppnding to any giyen_yaJues thereof a ipiai? 
.mum; alfo the curve defined by the e<juat}on expreiling the 

'relation df y &ndL<*. ••'••--• ■ t( • •' 

Jnfwer. Let jr alone be cogfidered as variable, then the 

'!yiur- will be ft ffi ;;; and when jr only is, made r variable, 

its Flux, becomes ~~ Lpt now the latter be divided by the 

. former, and the quotient put = /j» and #e have — s= -: 

Hence the Hyp. Log. f = Hyp. Log. «/J + Hyo. Log. »i, 

..(qp being. an)T.c^nl|4i|^ qusjnttfy); ttierfc&ie. * c =r «tjt; ^rtuch 

being equated with the Flux.. of the given expreffion, when 

jf alone is variable, gives * y { y =: '^w^ 3 ", from wh'etfce 'jri*. 

=S {was"" 1 **! the Fluent of whiefr is |y* — ^k fiwa, ex- 

. preffing the relation of y and js. If for * y~ P we put /, 

til** tbf| iquMiori becomes / = ^*» ? anfwering to a ParabpU 

* pf the higher ojrdei:* ,#■ » .• : . 'I .. . .* 

<!• i j ' .Queftion 
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Qpeftion XL. 

. Required the lat. of the place, and declination of the fan^, , 
when the length j>f the day is to that of the night, in the 
ratio of 3 to 2, and the fun's meridian altitude to his depreffion 
at midnight, as a to 1. See T.and C. Mag. p. 303. 1773, 

* 
jfufwtr. In the Orthographic fcheuie (fig. 6.) P reprefentt 
the North Pole, EQ^thc Equator, HO the Horizon, AD the 
Sun's Semidiurnal Arc, and DR the Semino&urnah From 
the given ratio of the lengths of the day and night, the arches ' 

AD, DR, are both known ^ therefore putting a zz the. nat, \ 

verfed line of AD, b zz the nat. v. f. of DR, and x 35: (R J) 
the nat. fine of © R the Sun's depreffion at midnight, per Urn. 

A T s * : a :. x : ~ - — Aa , the fme of the Sun's merid. altU 

p I 

tudc. But per queft. AH rr a OR, t hat is i x*/\ — > ~x* 

s= An, .\ y =: %x$J\— x % ; hence * = V 1 — -^ ss '320604 

the nat. fine of 18°, 42', the Sun's depreffion at midnight; 

- •% by th e nat. of the fphere the comp. of the recj. lat. HE 

( = |x HA + OR) = a8% 3', and the Sun's declin. = EA 

<= i x ha — or) s 9 , %i\ ir.m& 

Queftipn XLI, . ' 

the FftQlon a , ' , 3-4.76 ^ • 3»4JUjf. j^ 

' / ■ ' 4*7 * 

417-6 

qtiircd the inreftigation. . 

Queftion XUl. 

If any plane triangle ABC (fig. 7.) be circumfcribed by a 
circle, and a right line be drawn from any one of the angulatv 
points, fuppofe B, bife&ing the (aid ang. till it meets the > 
circumference in D: I fay that a cirole defcibed with rad* 

PA, 
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DA, will pafs through the center of a circle infcribed in that . 
friangle, and alfo through the other angular point C» Re- 
quired a Geometrical demonstration. 

Qpeftion XUH. 
To find the center of a circle P (fig, 8.) to pafs through a 
.glvpn point, and to cut two lines given in pofition, fo that the 
intercepted arch AB may be of a given magnitude j or, that 
its chord may fubtend a given z. APB« 

<J>ueftion X]LIV. 

From a given point C (fig. 9.) on the diam. AB of a circd* 
produced, let a tang. CD be drawn, and another right line 
from the point C, cutting the periphery in E and F, fo that 
.tthe line of the 4.BCE, may be a fourth proportional to CB, 
(confidered as radius) and the fines of BCD and a given z. P* 
I fay that the acute L AIF or BIE, formed by the diagonals 
JiE 9 BF, is equal tp the givep z. P. Required a Geometrical 
demonftration, 

-.; Queftion XLVV 

Suppofe a fcmicircuJar bowl placed on an horizontal plane, 
gt what height and diftance frpm the bowl muft a fight be 
placed,, fo as to illuminate one half the interior furface 
thereof? 

Queftion XI<VI. 
,3y repeated obferya.tions ? op the Northernmoft ftar in th* 
right foot of Urfa Major (marked by Bayer * ) whofe prefent 
declination is 49°, 15', I have found that its altitude encreafet 
more in a given tiqae, ill a certain latitude, than any other 
flar of different (}eclipatioi|. Required the latitude of the place 
pf obfervatron, and the tncreafe of the altitude of the faid 
0ar * from 8 tot 1 1 when it fouth* at midnight* 

Q 7 .9^°*' 
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Queftion XLVII. 
In tbtf latitude 53% 27'-, N. on June 25, 1775, I faw s 
rainbow bearing USE. Required the hour of the day- , 

. . Queftion tXLVIIT. 

* Suppoiy an irjfjexib^ rod o( iron, 49 feet long and 2 iocb^ 
diameter, be. ft) fixed at one end. that it jnay vibrate freely* * 
Jn what time will the other end of the rod, being let fall from 
an horizontal direction, defcribe an arch of a given length, 
fuppofe 35 feet, from* the commencement of motion ? 

.„ *' •■; •" f V Q?efti$n'£LIX. *' J -< #i ' : ' *T 
Required general exprefiions for the fides of a right-angled 
triangle in whole numbers, fo that any given number of lines 
drawn from one of the acute angles and terminating in the 
oppofite fide, as alfo the fegments of the (aid fide, frfmed 
thereby, may b? all whole numbers. .And moreover it is re- 
quired, that the given number of lines fo drawn may be the 
mod which that triangle can poflibly admit of in whole num- 
"bers i and that the periphery of the triangle may be a minimum, 
S*uppofe j; the number of lines to be drawn, required the fides, 
of the triangle, &c. as above, 

Queftion L. 

A cone being cut by a plane parallel to the bafe, the area 
. pf the fedion (=: 20*7736 inches) is found to be a mean pro- 
portional between the fuperficies of the two parts of the cone • 
and the ratio of the fide of the lower fruftum to the femi- 
.diameter of the bafe as 33 : 80. Required the dimenfions of 
the cone. 

Queftion 
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The Wpr*{fion vr^'^4*£s*.miqaal number* Required 

^ ntfipiwl yalue of x. '.. \ 

Queftion^LIL : .* ! 

The internal diameter and diagonal of a cylindrical cafk 
(whi^h ig . gyujc of th e leaft w ood poffible) arc xefpeftively 
expreffed^ by f 9 9 and x*\* <£ *'*. Required the content in 
Ale Gallons when y 'it x*. : 

„ ;!/,;. -Queflion. L1II. :" *' ' 

* Let y — a ~ 5 X * a — #*]* be an equation to. a curve. 
XJuere the'ASfcifla'whlen /is ariiaxirrium. 

How manjr elementary foynds may be formed out pf tb$ 
%L letter* of the alphabet* } v 

: • (^iieftion^LY. 
It is required .to divide the area of a circle' geometrically 
inta a given number of pgrt$, which may Tie equal' both ih 
area and circumference -(v * .• _ / ••*•"•.• 

Saw* iifeful Remarks upon Equations. 

. As tte yoifog Algebraift generally meets with, fame difficulty 
ia ijightty, ^fcf rtaining the roots of .quadratic cqujtfit>D$ of the 

' * Tacquet in his Arithmetic* TBeor. p. 381, fays. Milk millions* 
ifcriptorum mille annorum mttKonfbus non fcrfbent omnes 24 litterarum 
.alphabet! permutationcs, licet finguli quotidi* abfolverdnt 40 paginal, 
^uarum unac^uaeqye contiacrcti]ivxxfos,orxlines litterarum 24a. .; 

+ This Paradoxical $utfi$n r or perhaps rather double entendre, is taken 

.from* La<ufop y s Differtation on the Gedmrtrical Ansdyfis of the AnSitnts.—-**- 

The demonfhations of all the theorems, stfith the.Geomfetrkal ConftrucYion* 

' of the problems contained in- this. book, will be given ^t" the latter end pf 

1 An EJfajvn the uftfulnefs of Mathematical Learning, whjch will foon Jje 

^publiihed. 

3 d form* 
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3' form, it tlfo in Cardan's and Colfon's Formuhe for tile 
toots of Cubics and Biquadratics, from the irrational Bifloihial 
sfc x =fc V 1 — j. I fuppofc the following remarks will not be 
unacceptable to him* 

U In the folution of a problem where the final equation is in 

in** mu i 

this form ** — ax si — - J, and thence jr ss j :fc V- — » h 9 

the conditions of the problem muft determine whether the af- 
firmative or negative fign gives the true value of x; for if from the 
nature of the queftion, x be greater than a f we pnuft evidently 
ufe the affirmative fign ; and if lefs 9 the negative. As in this 
problem. To divide the number ioo (a) int$ two futh parts thai 
their product ax J {he different* of their fquares may he equal tp 
oath other. If we denote the lefler part by x, and therefore 

the greater by a .— *, we (hall find x si — d= %J^ Bijt 

x being given lefs than a, the upper fign (+ ) gives x too 

great; fo that xsi ?£ — ^i£ — 38*19658, &c. muft be 

the true value required* 

a. Hence it appears that though there be two affirmative 
loots in a quad, equation, yet, in general, only one of them 
will anfwer one cafe, or the particular queftion propofed* Th* 
fame obfervation holds good in equations of all dimenfions $ 
for fuppofe in the folution of a queftion we have derived this 
final biquadratic equation, ** — ax* + bx % — rx + d = Q* 
where all the roots are affirmative, we muft not conclude 
that the queftion admits of four different anfwers, for it will 
often be found upon trial, that three of the roots will pro- 
duce an abfurdity, and only one value anfwer the 1 particular 
cafe propofed. 

3. Ill 



/• 



O F E Q.tT A T I O N S. 113 

. 3. In a queftion producing a quad, equation of the third 
form, if the unknown quantity be aflumed indeterminately 
in regard to grtaUr and /*/}, then will the affirmative and 
negative fign? exhibit thofe values refpe&ively. For if it tf as . 
required to find two 1 numbers whofe fum is a and the Aim of 

their alternate quotients i, we (hall find that - ± ^/- — - — - 
*re the ndmbers required. 

4. In the redu&ion of cubic, equations it will be proper to 
inform the young reader, that Cardan's rule is only of ufe in, 
cafes where two of the three roots are impoffible ; and there- 
fore it Would be in vain to attempt to fblve a cubic Equation 
, compofed of real roots by this method. As for example. Let 
the,, equation % 3 — «- 3* ±2 6 be.propofed, whofe, roots are 
— 2^ 3, and— 1 5 the? numeral coefficients being written in the 

formula, we have * =± V3 + >/ — t^ + V 3 —*/ — — ; 

which is only air imaginary expreflion; the fquare root of 
a negative quantity being impoffible. So in this equation 
if 3 - — 91* n — 33Qf v the roojts of which are 5, 6, and — ^ 1, 

*e get x == V_i6^+ V-^685'o^ + V—^— V— 68^03^ 
which is alfo imaginary. But when two of the roofs afe im- 
poffible as in this equation # 3 + 6* = 20; then we get 

x = V16 + */io8 + V'io — V'ioS = 2, where the ex- 
f>r£ffibn is real and poffible ; the other Values of x being 
imaginary. * 

.. 5. I (hall now endeavour tcr clear up to the learner fome 
feeming difficulties in finding the roots of a cttbi* equation by 
Colfon's Theorem. And as this method principally depend* 

H " upon. 
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ii* OF EQUATIONS, 

upon finding tke cfubic root of an impoffible binomial I fhall 
UrA fhew the iftveftfgation of an eafy rule for obtaining fuch 
roots. 

Let a + Vb zz VA + B; Ithen by involution A + 8 
ts m* + J** V* + $ab + ii. Put «* + 'jab = A , 

i ^ _ 3^ + 3 ^*_^ = p~7) 5 - A 1 — B% .-. * =. 
aa —K % — B*) T ; hence, by fubftitution, a* +>3* x a % —A*—B 2 \* 
gz A, that is 4a 3 — 3 s/a* — B* x* "rr A ; ftbm wKenee * it 
tafily found, and fince yb = \f a * _ V X* — 'if*, we have 
a + ^/a» — Va x — B* = VA + B. 



When 4/ A* — B* fe a furd, both members of the root wfll 
be irrational. In that cafe multiply the given equation by 
fome number till v A 2 — B x comes out rational remembering to 
divide the values of a and */b at the laft by the root of that 
number, 

6. Now if the fecond term of any cubic equation, reduced 
to Colfon's general form, be exterminated, we Jhall bvn by 
Cardan's rule this value of the new root, 

% = yr+ Vr* — f 3 + yr-Vr 2 — f ? . 

And as the cubic root of a binomial may be always inveftjgated 

30 ■ » as; 

in a fimilar form, they aflume m zh ^n = ^r± tfir — «- y s , 

and thereby obtain % = m -f •» + *» — </n zt %m\ but 

as this gives but one value of %, they derive two more ex- 

pteffions from this moft obvious- principle, viz. that the cube 

root of aijy number, being multiplied by the cube root of unity* 

muft 
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\ 

\ rnuft ftill remain a root of that number, that is, y* 3 * ^i 

r- ' star; bu£ the three roots of Unity are i, ~ - 1 ^ ~ 3 and 

( ~*~ ~- : fo it appears that thtf cube root of each binomial 

j»ay be exgjefled in three different forms as follow s 

| I. % + •» x I i= w + •». 

a * *—* 

- III. »+-/« X •~ I "~Vt"3, = — — */»— ^ V— 3W^3» 



! 



I i / . y»yL»— J, 



. _ ■ r 



! 2 



3. «— •» x "^^-7? st -ry+4/»^si 4 /^34- 4/-»-<y 



From whence we (hall evidently have thefe nine different 
exprefEons for z, ' 

I. + I. = 2W * * - * - - - . . * ^ Z4 

I. + 3 . s »ta^-^-^^»" - i = * 

n. + i, = *— 3* / «**^-~3+*'— 3» 

a ~ " — sf« 

_II. + 2. =r »»+«V— -3 „-'<._ _ * — z. 

.. II. +3. =s — OT + v /_3„ . . . . . . 5 ^ 

. H » lit 
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III, + i. = »>— 3^«— «v^— 3— •— 3» . *_ 



1 



2= ** 

2 



111. + 2. = — J» — i^— 3» **-'*■» .3= *. 
IIL + 3- = — m— f**/r— 3* -**--=*. 



But as the 6th and 8th expreffions only correfponcf in the 
form to the cubic ro6t of the irrational binomial^ tHeyaffc 
therefore the moft convenient for ufe* 

7. Having compared the given equation with- the general 
one and thence obtained the numerical values of q and r, it 
Will then appear* whether r a — q* be affirmative .or negative* 
And fince it is evident from the rule, that whatever fign the 
value of r 2 — q z is affe&ed with in : the binomial, the fame 
fign will the correfponding term (») have in the root, it 
plainly follows, that if h (or f* — £ 3 )be negative the ex- 
preffions — m + */ — 3», — m — V — 3#. will become 
real and poffible, that is — - m + */ 30, -1— m — */ 3», which 
#0 one can be fo dull as not to fee the reafon of, if he knows 
that a negative quantity fubtrafied becomes an affirmative one* 
On the contrary if n be affirmative, */ -*- 3/1 is abfbltttel/' 
impoffiblc, there being no fuch thing (according to the common 
definition of the term) as the fqiiare roof of a negative quan- 
tity ; thofe two roots are therefore then imaginary, and 2fo is 
the only poffible value of 25. 

8. It appears from the hft Rem. that Cardan's Theorem, 
may be rendered generally ufeful, by folving fuch equations 
a* have three roots" real, as well aa. thofe that -have but one 
root real and two impoffible ones. For fince the three values 
of % may be expreflcd by aw, •*- i» + 1/ — - %n? and 
— m — V — 3», it follows, that whenever the expreffion 
for the root becomes imaginary, by fufeftituting the numerical 
values in the formula, thaf is when r*~ q* is negative* it 

wift 
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will be poffitive in the formulae for tl>e cubic roots $ and 
therefore Cardan's may be as conveniently ufed as Colfon'e 
form. 

Example 1. 

Let x* — 1 a**" + '4 1* = 4a be propofed. The fecond 
tpjrm being exterminated, we have z 3 — 7% = 6; thi9, by 
foMHtution in the formula, becomes 



Here then by Rem. 5. we have A = 3, B = y — — , and 
^A a — B* = y/^ = ?, y4a 3 -7^=:3; hence «=- i=:p, 

and V* a — ^A % — B* = ^1—1 = V — * = 

3 3 

|hefe values being written in the formulae for % give 



3 3 f 



% 35 aw ?T-r-'rr-- ZZ — a. 

% zz— m+\f—2n=: + i + i/4 = + 3. 

% = — s m — • — 3» = + 1 — • 4 = — I? 

from whence the roots of the propofed equation arc, 
x = — a + 4 = ?. v 

* = + 3 + 4 = 7. 

* = — 1 + 4 = 3- 

Example a* 
Let the propofed equation be x* — ai# az — ao. 

Here # z= y^ ~ l0 + V — a43 + y^ — IO — ^ — a 43* 
From whence y/A z — i? 1 zz 7; therefore 40 s — h.\a z= — jo, 
and thc^root a cz a, and y* zz • — 3;^ hence th$ thrc? 
roots are, • 

H 3 * = 
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x zz 2m - - - - * r - - • - '* = ; + 4, 
*=,— * + • — 3?! = — t + %/<) zz + t> 

Example 3. 

Given * 3 — 15* = 4, required *. . 

The numbers being fubftitutcd in the formula, and the 
cubic roots extracted as before, we get, a + */-~\ — m+ yfn% j 

from whence the roots ape found to be* j 

* = 2*= *-------- 4, j 

4rrZr—|W + V r — 3«2S • r nvj + ^3, 

* = -~ m — Vt-t 3* = r - -r-a — V3. j 

9> One root of any cubic equation may be had by Cardan 1 * 
Form though the expreffion becomes impoffible, without 
having recpurfe to the formulae m zh \fn % by extracting the 
roots of the binomials, the impoffible terms vanifhing in the 
addition by being always aflfe£Ud with contrary figns. 

As for example in this equation, y 3 — jy — 6; here y =^ 
V'3 + s/ — — + ^3— •— — which is an j.m- 
poffible expreffion; btit the cubic roots being extracted w* 
get — i + \Z-rr i — j — y'— 2 5: — r 2, a root. 

So in this equation y 3 — i$y = 4, we have y = 
V^2 + */ — 121 + v^2 — V — 121 ; which is alfp 
imaginary 5 but the : cubic roots being *Xtra£te4» VP get 

£uppofe ijt is required to exhibit, by Cardan's Rule, the three 
jfoots of this equation x 3 + \/ $\ X x.tz 44* where two of 
$e roots are impoffible and ^/A* — B* irrational. 
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By the rule we find x = ^22 + V486 + V22 — V486; 
and by Hem. 5. ^A z — B* = — ^2, a furd. Multiply by 2, 
and the value of x becomes ^4+^944 + ^44-^*944 



hence </A x — B 1 = — ^8 = — 2, v 4* 3 +-6* = 44, 
and the root is a rr 2 ; fo •*= V6, and 2 + 1/6 + 2—^6 =4. 

Therefore, -^- =: 2 T is the real root of the propofed equation, 

and the two impoffible roots are 3 , ,. and « — ~ -^- . 

* y_2 y 2 

2— a/— 18 . 2 + ^—18 i 

For * + — j>- x * + vT^- x * — a = 

y2 |r2 

x* 4. ^54 x # = 44, the propofed equation. 

10. As the folutions of biquadratics depend upon the cubic 
or quad, equations, there can no more difficulties occur therein 
than thofe we have already explained. In regard to general 
formulae for the furfolid and higher equations, I think they 
may, as yet, remain among th* Mathematicians dejiderata y us 
there does not appear to be any. method of obtaining fuch 
finite expreffions, without fome particular relation of the roots, 
or of fome of the coefficients. I {hall give an example or 
two of this kind, where there is a particular relation of the 
coefficients to the abfolute number ; or of one coefficient to 
the reft* 

Example 1. 

Let * s + A* 4 + Bx 3 + Cx % + Dx + E = o, and let E = 

DA CA* , BA 3 A 5 . .„ , e , rl 

•— *- — — — + — r- — — ; then will the roots or the fol- 
2 48 3 2 

lowing equations be thofe of the propofed one, viz. 

** + px* + i ** + rx + s = o, and x + p =s o. 

H 4 Where 
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Where ; ± * q = B - £, r = C - 42 + f „ airf 

^ CA A*B A*' , . . 

s = D • + < — . For the two equations mul- 

tiplied produce 

And the coefficients being equated, we get the values of 
P> h r i h an ^ ^e particular relation of E as above. 

Let this formula be applied to the numeral furfoli4 

equation #* + 26** + 225^ + 820** + 1244* + E. == 9, 

where the coefficients are a {Turned at pleafure. Here then 

. A = 26, B = 225, C =z 820, D ±z 1244, ^ therefore 

/ DA CA* BA 3 A 5 \ ' ' _ rf 

E I = + -s ) = 624, the abfolute 

V 2 4 8 32' 

number; hence p zz 13, jz 56, r zr 92, and s = 48; then 
will the roots of the biquadratic x* + 13* 3 + 56**+ 92* + 48, 
be found to be — 1, — 2, — 4, and — 6, and confequently 
thofe of the propofed equation will be — j, — 2, — 4,-6^ 

and — 13. * ' ,v • ; 

Jfxample 2. 

Suppofe the fecond term exterminated, and let the re/ulting 

equation be z 5 + Bz 3 =t CV ±P»+"E-Qi and let 

RE .' ; . ' 

D = BR* — — , R being the root of this equation a % — Ba 

E • 
= U — ^ 5 ^ ien w *^ l ^ e ^ ve va ' ucs °f % ^ e ex pr«ffed by tho 

roots of thefe two equations z 3 +, *z a -f a 1 * + - zr o, 

• ■ d .. 

z* — . <?% + </ =z o. For thefe equations being, multiplied 

' produce) 
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produce an equation fimilar to that propofed, and the value 6f 
a is known from the above cubic equation; and by equating 
the coefficients we fcave alfo the values of 4 and c* 

When this fpr&mla is applied to any numerical furfolid 
equation; as »?- + i.6z 3 — 820** +- D% + 320 rs o, (th$ 
coefficients being aflumed at pleafure) we fir ft fiqd the value 
of a zz 10,, and' thence we get D =r 1440, d =z *6, and 

>- = 2Q. Therefore the roots of this equation 
a - 

£5 5 + i6% 3 — ; 8203? + 1440? + 320, will be had by refolving 

the cubic, z* + ios* + ioo?s + 20 = o, ai}d the quadratic 

%* — ioz + 16 = o, the roots of which are, -J- 9*93, + 8) 

?m4 + 2, the other two roots being; imaginary, 

ii. Various other literal expreffions may be found, by 

taking away fome intermediate term, and then finding two 

equations, the preduft of which (hall give a refult fimilar to 

the propofed equation; but thefe will be found to be of ufij 

only in particular cafes, which feldom occur in practice. For 

though there may be always as many independent equations 

as unknown quantities, yet it will be found, that by their 

different combinations, We (hall always recur to an equation 

of the fame dimenfions with that of which we are endeavouring 

to inveftigate the foots. And if we ftrike out any one* term 

in either of the affumed generating equations, we fhall then 

have more equations than unknown quantities, from whence 

, iieceffarily. arifes a particular relation between fome of the. 

coefficients, 

12. But fuppofing a compleat formula for the roots of a 

furfolid, or an equation of higher dimenfions, were by any 

algebraic artifice obtained, it would be of little value, for 

{here would be far more trouble in getting the roots this way, 

4 than 
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than by the method of converging fcries, which te well known 
to be generally far more expeditious* c*?en in biquadratic* 
and cubics, than the finite theorems. The following genera} 
formula for furfolid equations I have deduced from thence, 
wherein the method of operation it rendered fo Ample, that I 
think none more eafy need be wi/hed for. 

If V + ax* + fa 3 + (^ + *r+«i30, then will * be 
found by this theorem. 

ATi& + 2PV>* + zbmJ + cm% — • m 

In which if the value of m* being fubftituted, there is nd 
remainder, the* quotient gives one value of x j otherwife, this 

qjjotient mult be fuhftititted for m T 9 and thus repeated .till it, 
either terminates or be as near the true root as necefikry. The 

reafon of thus afTnmmg i»i' will be obvious, if wo confirfer, 
that m is alvvays the product of all the roots (having their 

ftgns changed) and therefore iw^will either be a root f or 
generally near one. 

Example i«- 

Required the five roots of this equation, 
** _ 23** + 1 59*25*' — 459**.+ *5 6 475* — 2 43 = °* 
Here m* = 3, which is affirmative becaufe the figns change 
alternately; and #n^ ( =4iw) =z + 972^ %an& zz —5589, zhnff 

= + 8 599*5> cn $ = — 4i 3 h — » = + 243 5 <* = + 56475* 
yn$ = + 405,. 40m* zz — 2484, #nh = + 4299751 
and %cm? zz *■— 2754. Therefore 

; 97? — S58fr + 8599*5 — 4I3I + 243 = +94*5 _ + ' 

5 6 .4!75 + 405 — 2+84 + 4^299-75 — 2754 • -r3»'5 ' 

a root. 
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* root. Now dividing the given equation by x — 3, we re- 
duce it to this biquadratic, 

**•*- aor' '+ W*S* a — t^vtyt + 81 :=: o; the roots of 
which will be found to be 1, 4, 13*5 and 1*5; hence the five 
roots pf the proDofed equation are, 1, 1*5, 3, 4, and 13-5. 

Example 2. 
Given ** + 15** + 79^ + 189** + 208* + 84 = O, 

required the values of x. Here j»t = 2*424, &c. which as 
there are no changes in the figns muft be negative, that is 

m* = — 2*424. But in order to fliorten the operation, 
either rejeft the decimals, or encreafe them to unity; fuppofe 

k the latter, then m* = — 3, and py proceeding as before we 

find —97* + 3 6 *$—4266 + *7Q* —84 _ Hh24 _. _ . 
405^- 1620+2133™! 134+208 —8 3 * 

which, as it terminates, is one root; and therefore by di- 
viding |(ie given equation by x + 3, we get the biquadratic 
*♦ + 12** + 43 * a + 60* +- 28 =r o, whofe roots are 
— I, — 2,-2, — 7, and thence — 1, — 2, — 2, — 3, and — 7, 
*re the roots of the propofed equation. 

Note. If in fubftituting the value of mi In the formula, 
the whole expfeffion fliould vanifh, or become equal o, there 
will be two or more roots of the fame value in the equation. 
As in this laft Example by reje&ing the decimals we have 
m* ~ — 2, from whence the formula becomes 

-- 128 +■ 720 — 1264 +- 756 — 84 o ' . ^ 

. Q t V = — ■ /J 7- 1 = ~5 hence there ar« 

208 +. 80 — 480 +■ 948 —.756 o 

two values of x> vi%. — 2, equal to each other. The reafon 
of which will be evident to thofe who are acquainted witH 
(lie conftruflion of the theorem. 

I Example 
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Example 3. 

Given * 5 — 7* 4 + 20* 1 *-M55**+ 10000=0. Required # f 
Here a = — 7, bzz+20> czz — 155, rfrzo,~*?™ — IOOOO, 
and, by rejedling the decimals, ni* — 6, which may be af- 
fumed either affirmative or negative, if we take the latter f 

then a few operations, by fubftituting the quotient for m~s t 
give x = 4*54419572, which is true to the 7th or fltH 
pteoe. 

Example 4, 

}Let the radius of a circle be 1, what is the length of thq, 
chord of 12 degrees? 

The final equation will be # 5 — $x 3 + 5* — 1 =0^ 
Here a zz o, i zz — 5, c zz o 9 i = + 5, m = + i, 

and m$ rr j, and the formula gives -- — ^ = — ~ = + 1, 

b 5+5- *S -S 
jyhich is one root of the equation, but manifeftly cannot be, 

that anfwering the cafe propofed ; agreeable to what was ob- 
served in Rem. 2# Therefore affuming mi = *i> the firft 
operation gives j»t = '209, and the fecond tri* = *209056926, 
for the required value of x j or the length of the chord of 
12 degrees, when the radius is unity, which is true to the, 
J^ft figure, 

j 3. As it may be of fome ufe to the young Algcbraift^ I 
(hall now endeavour to illuftrate, by a few Examples, the 
Newtonian method of obtaining the roofs of literal equations^ 

Example 1. 
Given, y*-\-axy — a*y — **. = o. Required the value of y, 
in a feries cempofed of the powers of a and #, with their 
coefficients. 

The 
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The firft thing to be done is. to tabulate the equation, which 
is eafily effe&ed as follows : Make a right angle DAB (fig. io.), 
and from A towards B write down all the. powers of y y and 
from A towards P all the powers of x % as high as in the given 
equation, beginning from unity. Divide the whole into 
fmall fquares or parallelograms, as in tfce foheme, and infert 
the terms of the equation in their correfponding fquares or 
parallelograms, that is, in thofe which have the fame powers 
of x and y ; then circumfcribe the fignificant parallelograms 
with' the polygon FBCDE, and the equation is tabulated or 
prepared for extra&ion. 

Now, in order to determine the firft term of the feries, 
make any two terms which are placed in two adjacent angles 
•f the polygon equal to o j that is, 

' y * ~ a * y = ° 9 ••/>". 

— * 2 y — * 3 = o, 

» / -!-.- — 

The two firft equations give the firft terms of a feries for y 
when x 1$ fuppofed very little in refpeft to! a; and the laft, 
when $ is little in refped to *. _W$ fhall take_the firft^ viz. 

i ." :? =-«**> . ■ • 

from whence y rz ±z a; which r 4s the firft term of the 
feries. — 

To obtain the next term, put y = y* + p 9 and fubftittitS 
* this "value in the given equauoh,7and~we (frail Have,"* 



+ / ~ J + 2 a*p + 34T+ >V 
+ a xy = a*x + 6*pi 
*-* a % y = ** a* ~a % pj 
— . * 3 — -—i ** ■ — : ~ 



V = o 



Seied 
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Selefi two terms bf the greatcrft value; or, which » the <ime 
thinfe, take two terms -Where p and x arc fepatatety of the 
lowcft dthienfions, and niake them equal *, from whence p 
will be had in term* of a and x. Here a, by fbppofitfon, 
is greater than *•, and therefore much greater than p\ tron- 
fcquently %a*p + *** (that -is* 3*> — ^> + d*x) muft be 
of greater *value than all the other terms of the equation. 

From 2a*p = """" ***> wc ^ av * £ * == » which is the 

fecond term of the feries. Put p =: — - + f, and fab- 

2 

ftitute this value in the laft equation',' omitting alt the terms 
which are higher than that power of * wfr propofc the feries 
to be carried to, putting pne term after the next lefs power 
of *, two after the next lefs, and fo on. If we propofe to 
carry the root to the fourth power of x 9 it will ftand thus. 
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Z2 





*s 


J 



= 0. 



Here the terms — ^x 2 J and aa % j are yaftty 

greater than the other, q being very little in refpeft to x, and 
x very little In refpefit to a; therefore, 



ax % k 



from 
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from whence q ± — ^-, the thW term »f the-feries. 



Put ^ ? r- + r, and fubftitute this value in the laft 
equation, and we get, 



= ' 



= o. 



4 3** * 

* 3 
— 3**? + ox q = — 2**? = -|- — — zaxr, 

4 a 4 T 4* 



The terms to be compared are — — (~ + — — ) 

tad ~f» a«fr;thaftis» 

from whence r = + -~, the fourth term of the feries. 

1-aftly, let r = + ±— + i* thb r fubftituted in the laft 

aquation, gives ', 



•— %axr 
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- *** r - ~ U> &c - I 



7** _ 7^ 

~ 8 ~ 8" 

r , 3** : «■ 3** 

64* . 644* 



Here all the terms vaniflt but 2a\ and — 4^- 
, 64a 

f =s — —- — I — jj which, being therefore compared a# 
before, w»# 

... ' 7 64«»- -. 
we have * ,= + 3 / tf * , -thefifth term of ithe.feriesj 

x I2Qtf 

/ . # a n 8tf- ' l6a\ i2%a\ . 

It will eafily be perceived, by a proper attention to th« 
method of operation, that^cvery new term in the feries is had by 
dividing the loweft of the terms affefled with the indefinitely 
fmall quantity #, or its powers, without the affumed ones, 
p, q> r, &c. by the quantity wjth Which the .alftimed one of 
one dimenfion only is multiplied; thus, the fecond term is 

had by dividing **** \jj 2a* ; the thirfl by dividing — by 2<*% &c. 

From which it is evident, <hat when the work „^ continued fo 

far, as that the affumed quantity (p> q y r, &c.) is only of 

one dimenfion, the Remaining terms of the root may be had by 

* % 
one divifioflj fo^ when ~ r- + r is fubftkuted for } y it 

w 

appears 
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appears that' r is only of one dimenfion, therefore the remain* 
ing two terms will be had thus 9 

8 "87 



+ I21 4 

Example 2. 

Given £—£ + £_>!+> + « 

S 4 3 # a ; 7 



* -: fcr. Re- 



quired y in terms of a and *y which are here fuppofed to be 
nearly equal. 

In order then to make the feries properly conrerge, we muft 
fubftitute for their difference, that is, put x 5: a -f- % % and 
the given equation will become 

5 4. 3 ..« 

This being tabulated (as in fig. 1 1.) we have j == z, for the 
firft term of the feries. Put y — * + h ai )^ wr " c **"* 
value in the above equation, and there arife9, 



+ I / = * 

'•— i / •= — i**, &c. 

+ */> = + **'**> 



« =: 



rr o. 



I, 



Th« 
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The terms to be equated are p 9 and — f %% from which the 
fecond term of the ferics is + \%\ Put p zz \% % + q 9 and 
fubftitute this in the laft equation for />, and it becomes, 



— 


\f 


zz 


-x. 


&c. 


+ 


«> 


zz 


+ i* + , 


&c. 


— 


%p 


zz 


-i*' 


— Z?. 


+ 


p 


= 


+ K 


+ ? 


— 


**• 


zz 


-J** 





= o. 



- is* = - K 

Here the terms to be compared are q and — -£>( s — —- 1 — ^ 

bat as j is only of one dimenfion, the, remaining terms may 
be found by division, thus ; 



+ T-r 



+ -, to. 



Therefore the root is j :r 25 + {** + £* s + ^«% JBte.5 
or, by reftoring the value of x 9 v 

» = * — <* + — + !- + 1 ' . -, &c. 

• 7 2 T 3.2 T 3.4.2 * 

where the law is manifeft, and may be continued at pleafure* 

viz. 

• 3.4.5.2 3.45.6.** 
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It appeats from the table that other feries may be found 
from the equations, 

if = z, and |/-f/ + i'?-l> = - i. 

Remark. Sir Ifaac, or fome of feis transcribers* feeta to haVe 
committed an oversight in fuppofing we might put either a + z, 
or a — % for #, for it is indilpenfably neceffary that x Should 
be greater than a, othcrwife the feries will not converge. 
The fubftituting of a — % for x gives tfce laft term of the 
given equation affirmative, and from thence the value of y 
comes, out % + 2z + 4% + 8z + i6z, t &c. which will evi- 
dently be a diverging feries, however (mail we fuppofe z to be. 
Therefore, in order to have a converging feries for y y when a is 
greater than x 9 we nruft change the fpecies, that is, write * 
for #, and * for a. So if a — * x -rs z, a will be equal z -f* *• 
this fubftituted in the given equation, gives the laft term 
negative as before, therefore the root will be 

1 zz d — x + —— — + 




3-a 
Example ;$• 

Given / + / + y — x* zz o. Required y in term* 
©f *. Here it is evident that x muft be very great, and there- 
fore the common method cannot exhibit a true value of y. But 

to make the feries converge, put ~ s *, and thence will 

x = -. Subftitute this Jgy * in the given equation, and then 

arifes j* + y* + y ~- i = q< Tabulate this equation 

ffig. 12O ^^ &* terms to be compared wiH be f and — , 

I 2 from 



r 



131 OF EQUATIONS. 

I 

from whence y ss •, the firft term of the feries, and pro- 
's 

ceedbg at before, the root is found 

I % 7 

Rcfteriog * it become jr sr * — .- — — + sp-» *s» 

The other equations are y = -j, and jr* + jr = — i. 

is > 

The former gives y =5 -3 — -5 + -j , &c. which, as it 

aicends in the powers of % in the denominators, muft alio alcend 
in the powers of x in the numerators ; and therefore will evi- 
dently diverge 5 and the latter gives y 32 V — 3 __ -, itn- 

poffible. 

. Example 4. 

<*- >+{»■ +'^ +lf,'' + & + SIS'" ** 

— * = o. Required * in terms of jr. Here/, and consequently 
*, muft be fuppo&d lefs than unity, in order that the feries 
may duly converge. Having tabulated the equation (fig. 13 ) 
we have y = *, the firft term of the feries. Put y zz x + p f 

t and fubftitute this value of y in as many terms of the given 
equation as the feries is propofed to be carried to; fuppofe to 

' four terms, and the operation will ftand as follows, 

115a * 

+ —/=+—*% &c. 



I + i. f ■ - + L *» + \ * h *c. 

\ 40 * 40 s r * 



+ y zz + x + p 

Hence 
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Hencef = — I *», Put* = — I *» + f> andfob- 
ftitote this io the U& equation, and it becomes, 



+ W = + %*>** ; 

r a r « "a * 



112 
+ -£** 

7 6 



>=< 



— — V « T , &c.' 






+ f 



> = o. 



Here q is of one dimenfiou oaly, therefore, 
120 240 



5040 . 



Hence the root is jr =; * — | ** -f -L ** _ .JL ** &<. 

6 120 5040 * ^ 

^ 6 4.5.6 * , 4.5.6.7^ + ^5-«-7.«^.6 ,,,, -4.s-6.7.8,9.ip.i,.6» 

&e. the Uw of continuation being evident. 
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This laft example is ufually called the reverjion cf a 
/tries. There are feveral other methods i of performing it; 
but this, I think, is a* eafy to be underftood as any of them* 
The young ftudent may here fee with what facility thefe in- 
tricate affairs are managed when freed from all. that unneceflarjr 
prolixity we find them eifibaroafled with' in moft authors; 
What before jeemed* almoft inff perablc to him may be now- 
only a pleafant and agreeable dxercife, as he cannot fail 1 of 
underftanding the method of op^raliohj.nf he bu* atteiKivfeljL 
examine thefe examples. I|idee<J, thfere may be a great many 
literal equations proofed- which 'may i*ot£oincide with any of 
the examples we have given; Bpt when the equation is tabu- 
lated, and two or three of the firft terms of the feries obtained, 
it will immediately appear vjrhethjer it properly converges or no. 
If all (he equations diverge} or have impoffiblc foots, a little 
artifice muft be ufed, fuch !as augmenting or diminifiiing the 
roo*s by fome known quantity ; pr by taking ,j the reciprocal •£ 
an indefinitely large quantity, and fo on. So that in almoft 
all cafes the feries may be made to converge, arid the robt ob«* 
tained by the foregoing method* 

•-■-'••■ .••--:,••--:- ■; 

Some ufeful Remarks on the nature an& method of 

Fluxions. ~' r • 

As I have always found the following remarks of fervice t» 
the learner, I (hall make no apology for inferting them in this 
treatife, which, I have before obferved, "is purely defigned as 
an help to the young reader, in removing fome of thofe little 
obftacles \yhich he my ft unavoidably meet with at his firft 
entrance on theft ftu<fteg. 

, The dpSrine of prime and ultimate ratios } by which the 
fluxions of quantities are generally inveftigated, or demon- 
# rated, contains in it fomething fo very obfeure and unin- 
telligible 
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telligible to the learner, that it is rather more apt to confute- 
than give a proper, arrangement to his ideas on the fubjcft *• 

The 

• The firft Lemma of Sir Ifaac Newton's Principia appears to many to « 
be very exceptionable j his words are, — Quant it at is, set ct quantitation 
rationes, qua ad aqudlitatem tempore quovisfinito conftanter tendunt, et ante 

finem temporis illius fropius ad invicem accedunt quarn pro data quavis 
differentia, fiunt ultimo *quales. , And then adds, & negati fiant ultimo 
in*quales, it fit ear urn ultima differentia D. Ergo nequeunt propius ad 
eequaUtatem accedere quam pro data differentia D : contra bypotbefin* Now, 
though this method of dempnftration is far from being fatisfa&ory, being 
a kind of reafoning mutatis mutandis ; yet, it is plain that the portion may 
be readily admitted if the decrements only, or parts defrayed, are to be 
proportional. For inftance, fuppofe two lines, the one 20 inches, the 
other n, to be diminiihed by fome cotemporary decrements, of which 
the ratio is'refpectively as 3 to 1. Here then it is evident, that the 
.quantities 20 and 12, would foon become equal by fuch a diminution. 
Thus, in the firft portion of time, let the former line be reduced to 14 ; 
then the latter will become 10. In the feconxl portion of time, the former 
becomes 8, and alfo the latter S. They have therefore converged to 
equality by a cotemporary diminution with proportional decrements. 
But when the quantities themfelves are fuppofed to be proportiohably 
diminiihed, and thereby to obtain the ratio of equality, I think it will 
appear that there is nothing more abftfrd.' For fuppofe the quantities 20 
and 12 to be any-how proportionabiy diminiihed, fuppofe by a continual 

• bife&ion, and it is evident, that they will converge to equality in refpe£t of 

. their difference, and yet retain their original proportion. Thus, the firft 
difference of the propofed quantities 20 and 12, is 8 inches} the firft 
bife&ion reduces that difference to 4 inches, *nd the quantities themfelves 
to 10 and 6 ; but 10 is to 6, as 20 is to i*j therefore the proportion is not 
altered. The feconti bife&ion makes the difference only 2 inches $ but ftill 
the quantities are in the fome ratio, for 5 is to 3 * as 20 to ia« The third 
bife&ion reduces the difference to 1 inch, and the quantities fbemfelves 
to 2 f and 1 it which are Mill in. the fame proportion. Hence then it 

. plainly appears, that two quantities may converge to equality in refpect of 

their difference, and that that difference may become iefs than any aflignable 

quantity, yet the quantities themfelves can never become equal; for in 

whatever ratio they were originally, in the fame rajio will they remain, if 

I 4 dinuninW 
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The mdft natural and eafy way (rf acquiring a right notion at 
fluxions, is by the introducing of time into the account. 
For by this means we do not confider then* as mere velocities* 

Which 

ifimmiflied fine ftme 9 according to the mathematical doftrine of the inflate 

dhrifibility of matter. 

How abfurd then mull it appear, to attempt to find the laft ratio of the 
cotemporary increments of two flowing quantities by a continual dimi- 
nution of thofe increments, fince it is obvious they will always remain in 
the fame ratio, however fmall they are taken. And yet after this manned 
, |iave Colfon, Ditton, Hayes, and feveral other writers on fluxions, pre- 
tended to find the laft ratio of the vanishing increments. Thus if the 
increment of x be denoted by x, the cotemporary increment of x* will be 

2.3 

Here then, fay they, by continually diminiflung thefe increments, we apy* 
"proach nearer to the ratio with which they firft arife or begin to be gene* 
rated; and therefore, when x is become infinitely fmall, the higher powers 
of it muft vanifli firft, and leave the infinitely fmall increments in the ratio 

of x to nx n ~ x *\ which is therefore their prime or ultimate ratio. But 

vtfoes this appear in the lead fatisfa&ory ? Is it, not rather a' mere quibble ? 

For if the increment of x have a real value, though ever fo fmall, it is 

obvious, that the inprement of x* cannot be accurately ux n ~~ l x. And 

if x* 9 x*, &c. be abfolutely netbu?g f certainly the root itfelf muft be 

: nothing alfo j and eonfequently tlie whole expreifion muft vantfh together. 

'Befides, rbfs is plainly contradi&ory to the lemma; for, if that be admitted, 

the laft ratio muft be that of equality and not of 1 to nx*~ ', fince the 

quantities are propprtionably diminished in the fame time, 

Some other writers, who, I imagine, faw the fallacy of this method of 
xeafoning, have endeavoured to obviate tfiefe difficulties, by reprefentiag 
the affair in a different light, as follows ; If we confider that the increment 
of x* is much diflerent from the fluxion of if, the farmer toeing defcribed 
>y an accelerated motion, and tfoe latter by an uniform one, it will not be 
fo hard tp Conceive, that by continually diminilhing the increment of the 
fimple quantity x , the increment pi thfc compound quantity tf will come 
' £ ' nearer 
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which naturally invoke the mind in metaphyseal difficttlttat* 
but as the magnitudes they uniformly generate in a gift* 
finite time, fuppofing the fluent or fpace to be defcribed by aa 
uniform motion, And* if the motion by which any magnitude 
is generated be not uniform, but accelerated or retarded, the 
idea of a fluxion will ftill be- the fame : For though we cannot 
exprefs the fluxion by any fpace actually generated in a given 
time, aa in uniform motion ; yet we can readily affign the 
magnitude, or (as it is commonly called) the cotemporary 
increment, that wwld bt uniformly generated, if the accele- 
ration or retardation were to flop at any point in which the 
fluxion is required to be inveftigated, . 

Now, as our ideas of magnitude arife from a companion of 
the propofed obje& with fome other of determinate diraenfions : 
fo, in the method of fluxions, we fix on a given magnitude, 
:yrhich is fuppofed to have been uniformly generated in a given 
time by die motion of a point, line, or plane, as a flandard, 

nearer to an uniform velocity? and therefore, juft in the inftaat of ranim* 
log, or when it becomes mtbing, die velocity muft be uniform, and truly 
exprefs the fluxion at that point. Hence then \t appears, that it is by con- 
founding the increment and fluxion, that thefe feeming abfurdities arife* 
For if we imagine the fluxion of the unifirmlj generated quantity to be aa 
infinitely fmall, yet certain magnitude, it will readily appear, by keeping 
our ideas of the fluxion and increment diftincl, how the ratio of the 
fluxions may be had, when the increments thcinfcivw ▼aoiih, or become 
mtbing. Thus* let * denote the fluxion of the fimplc quantity x f or that 
infinitely fmall quantity which would be uniformly defcribed by the gene- 
rating point in one inftant of time ; then 9 fince the ratio of the increments, . 

' ' at*— n * n % -~% / 
x ; nx*~*x H **""***,&c.*sthefameas * : ays*""' ^ x*~ t x f 

&c* or, by multiplying by *, as * : »***•"* + — *" "***, &c it 
will be evident, that if we fuppofe the increment of x to vanifh, the ratio 
will then become accurately, * : *x*~x. But this is too. metaphyseal 
-for moil readers, 

wherewith 
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wherewith to compare any other magnitude, which is fuppofed 
to have been generated in the fame time, by an accelerated or 
retarded motion. Thus (for the fake of illuftration) fuppofc 
a ball to roll on an horizontal plane, in a ftraight dire&ion, 
at the uniform rate of 20 feet in a minute ; and alfo another 
ball to move uniformly in the fame direftioo, at the rate of « 
40 feet in the fame time 5 here then it will be plain, that the 
magnitudes generated in any given time* muft be ift the ratio 
of 2 to 1; and therefore the fluxion of the latter will be 
double that of the former. And from hence" it appears, that* 
if the fluxion of x be *, that of %x will r be 2*, 3* will be 
3*1 &c. and generally,, that of nx witt'brjfx. But if, while 
one ball moves along with an uniform velocity, the other is 
fuppofed to move with an accelerated motion, ana 1 that the 
law of acceleration is fuch, that the fpace. defcribed by the 
latter, from the commencement of motion, is always forhe 
power of that defcribed by the former, fuppofe the fquare of 
k; then, if the magnitude by which the fpace that is uni- 
formly defcribed* is increafed in a given time be denoted by x 9 
that magnitude which the accelerated motion would uniformly 
generate in the fame timei and commencing front the fame 
Inftant, will be expreffed by 2xx. Thus, in the cafe propofed^ 
if the firft ball has uniformly defcribed a fpace of 16 poles, the 
other muft have run 100 poles ; but the former ball moves 
uniformly at the rate of 20 feet in a minute, therefore the 
magnitude or fpace, which the accelerated ball would uniformly 
defcribe from the fame inftant in one minute, will be 400 feet. 
The fluxions will be therefore at that point in the ratio of 
400 to 20; or of 20 to 1. This is eafily demonftrated as 
follows : Let. x — /, and x 9 reprefent the fpaces defcribed by 
the uniform motion at any two given times, then (by Hy- 
pothesis) will the cotemporary fpaces, palled over by the ac- 
celerated motion, be (x — t\ z =)**-— %xt + /% and x z ; and 

7 therefore 
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therefore ** — x % — 2xt + t zr %xt — /* will be the differ- 
ence of thofe fpaces. From whence it follows, that, while the 
firfi ball runs uniformly over the fpace /, the other runs over 
the fpace 2*/ — t\ Now, as this fpace is not generated by an 
uniform but accelerated motion, it cannot repre&nt the fluxion 
of either of the fpaces expreffed by jr. — 1\ % or ** ; but it may 
evidently reprefent the magnitude which might be uniformly 
defcribed with the mean Velocity at fome point between 
*— /|* and *\ But this magnitude is to that generated in the 
fame time by the uniform motion as ixt—t x is to /; or, by 

multiplying by - as %xx<—.tx to x; therefore, when *-— < by 

die uniform motion of the ball becomes *, * vanifhes, or i» 
equal to nothing, and confequently the point of mean velocity 
fhen coincides with x% stad hence the above ratio becomes 
barely, as txx : x. Therefore, according to the common 
phrafe, the fluxion of x % is a**. 

This may be generally reprefen ted thus : Let the law of ac- 
- celeration (or retardation, prefixing the negative fign) be 
univerfally expreffed by #*, and by the fame method 'of rea- 
foning, by help of the binomial theorem, we (ball find the 
cotemporary fluxions to be in the ratio of nx"" l x to x* For 
if x — >t and x reprefent the fpaces uniformly defcribed as 
before, jhe cotemporary fp aces d efcribed by the accelerate! 
motion will becxprefled by ' *— 71* and **j but the difference 

of thefe fpaces ** *- x — tf is equal nx n ^ 1 t - ^- . **"**% 

&c. therefore the ratio of the magnitudes, generated in the 
fame time by the uniform motion and the mean velocity, will 

be expreffed by nx"~ l t — .**"*/*, &c. to t ; or, by 



Multiplying by p as »**~V •• ?""* r ** &C. to*; 

*nd 
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and when *-*** is equal *, / will ev i de n t l y he =r o, hence all 
the terms wherein t is found muft vanifh, and the point of 
mean velocity coincide with x; confequently the ratio of the 
fluxions will be as nx*~ l * to x. 

Hence then it appears, , that we have the moft rational notion 
of fluxions from the confidcration of time in the generation of 
the increment or decrement, and that the fluxion of any variable 
quantity may be truly defined, The magnitude by which any. 
Jkwing quantity would bt ihcreafed in a given time with the gene- 
rating velocity at a given inftant, fuppofing it from thence to proceed 
uniformly or invariably. And with regard to the higher orders 
•f Anions, bow pmch more obfcure a*e our notions without 
tfre idea of time in the operation of the fluent generating tha 
increment; fincc by having recourfe to the firft ratio of tho 
nufcent increment, or the laft ratio of the evanefcent inert- 
ment, even to obtain only the firft fluxion of a variable quaa~ 
tity, we unavoidably fall into this abfurdity, That a velocity 
which continues for no time at alt actually defer ibes a fpace. How 
then can we form any conception not only of fnch a fpace or 
increment, but alfo of an infinite variety of magnitudes of it, 
generated in one and the fame point and inftant of time, in 
which it ts well known ail the order* of fluxions are con- 
fidered, when nothing, I think, can be more evident than 
that the magnitude or increment imagined to be generated 
jwift in fiich. a cafe be purum pueum nihil, or ftriftly and ab~ 
felutely nothing. If a doubt of the exiftence of an increment 
under fuch circumftances be deemed incredulity and a fpecies 
of infidelity*, I am afraid I (hall be ftigmatized with thole 
appellations; for I confefe it is paft my comprehenfion 
how a mere, point can contain in itfelf an infinite 
variety of magnitudes, and which are all at the fame time 

* See Colfon's Newton's Flux. p. i8 y Preface. 

equal 
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*qual to one another. Thefe unnecefiary quibbles^ and meta- 
i phyfical niceties, by which fome have attempted to explain 

■ the principles of fluxions, have not only rendered them quite 

\ obicure to the learner, but alfo expofed them to the ridi- 

cule and fevere criticifms of feveral writers of great abilities 
in the mathematics. But thefe criticifms, it is probable, were 
not intended to invalidate the method of fluxions (which k is 
evident may be ftri&Iy .mathematically demonftrated) but to 
ibew the futility of the method they had taken to elucidate the 
principles ; in which light it is well known the incomparable 
inventor never intended they fhould be viewed.' 

From what has been find we may draw thefe practical ob» 
fcrvations. 

i* That the common rule for finding the fluxion of a flow* 
ing quantity, vi%- Multiply the fluxion oftbt root by the exponent 
of tin power and the affixed toefficient 9 and the produft by that 
power of the fame root of which the exponent it left by unity them 
the given exponent, is general, and without exceptions, being 
applicable to any expreffion whatever confiding of one variable 
quantity with a conftant exponent* a. If the expreffion be a' 
compound one, that is a binomial, trinomial, or any multi* 
normal, the fluxion of each term muft be found feparately, and 
conneded with their refpedive refulting iigns; the fum arifing 
by fuch addition is the fluxion of the compound expreffion. 
3. If the expreffion confifts of the produft of two or more 
variable quantities, each quantity muft flow feparately, while 
the others are fuppofed to be conftant, or as coefficients to 
that variable quantity ; the fum of theft fluxions will be that 
of the given expreffion. This follows from the general ex* 
preffion nx n ~ l x* Thus, let the fluxion of yz be propofed to 
be ixjyefiigated. Put y + % == v, then will / + lyz + ** sr v % ; 

hence 
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hence yz = £ =: f v*— §/-^|a*. And, torn tfrte 

has been before fhewn, the fluxion of this will be w — y)-*-zi; 
hut v zzy+Zy and £ :r j+£, v by fubftitution^thc fluxion 
of yz i* yi + %y. And in the fame inanner will the fluxion 
pf xyz be found to be xyk + x%y +y«* ; and that of uxyz ^r 
iwyi 4 «xsy + »y»x + ays* ; &c. 

We ihall now give a few examples in order «o (hew the 
propriety of thefe remarks* 

Let the fluxion of x be x 5 that is, let die magnitude or 
fpace which is pafled over in a given time by the uniform 
motion of a point in generating the fpace x be denoted by x ; 
then will the fluxions, or relative magnitudes, which would 
he uniformly generated in the fame time, of the cotemporary 
fluents, or fpaces already paflcd over when the fluxions are 
compared, be obtained by the general rule as follows, 
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•'H8 OFF t«XION^S. 

In the inver/e method of fluxions, nothing can be more eafy 
than to proceed in a retrograde order from the'fluxign to the 
fluent (in exprtflions that will admit of it) by tiie ccfoVerfe of 
the general rale, namely, Strike out the JUtoion&ry Utter, add 
one to the index, and divide bj the index fo In^eafik. 

Example. 

Required the fluent of nx*~ l x. The procefs^Ul *Snd 

nx 9 1 1 

thus* w" -1 * nx n '\ nx*' 1 **, nx% — , #*, the^ueflt. 



In expreffions afie&ed with a radical, if the flukion without 
the radical, or vinculum, be the fluxion lot Idle <|Uanfity under 
it, the fluent may be obtained by the genera) rtfle, obfervi'ng 
to ftrifce out, not the fluxionary letter ordf, hut all that ^art 
which appears to be the fluxion of the quantity under the 
radical. 

Example. 

Required the fluent of yja m + x m X iwf"" 1 *.' I'he firo- 
cefs will be as follows j ..• . 

** + Z\ n X mx"' 1 *, a m + x-f, a m + jf**; ^ j^f!*' * 

the fluent. \\ ' .] 

If the fluxion without the radical be not &kt of the quantity 
under it, but in a given ratio to it, the fluent mfey ftfll be had 
by the general rule ; obferving to increafe Or tiecfCafirit in that 
given ratio. 

Example. 

Required the fluent of a + bx m ]* X cx? ¥t i. . 

The 
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The fl»»Q0;t>* fa m is blttf m ' 1 ii therefore tte. ratio of th« 
fluxion of tl\e quantity under the radical is to /that without it, 
«&».:*» Heoce the proccfs will be thus ; 

a + tx m ) n X tx m -x, a + bx-\", a + bx m \^' t Z±)*-fc?t 

V If + I 

tbc9, aft bfn : * :: — — — f— : — V -7-7-, the fluent. 



ff+ 1 



x» + 1 



If the fluxion without the radical be neither the fluxion of 
the quantity contained under it, nor in any given ratio to it/ 
yet, in many forms of expreflions, the fluents may ftill be hadf 
in finite terms, by help of the binomial theorem, which will 
always terminate, when a number equal to the exponent of 
the flowing quantity without the radical comes to be fubtraded 
from it. 

Example* 

Required- tbc fluent of J*i \/a + x. 

Herp the} ratio of the, %«ion of the quantity under the 
radical i$ to that without it, as 1 : #\ an d confequently not 
giyeji; therefore the eafieft way is to proceed 'by fubftitution, 
as follows;. pt#t a + x .=: v % then will xzzv — a 9 /sw-'^ 
aad x zz v 9 ••; x*i 7/a + x zz v m *v x v — a\\ But by the 

bifioottal thpppgn, v— a\* zz 1? — mPPa + v n ' 2 a t 9 &c, 

So that when n k a whole number, it is evident the feries . 
will terminate, and the fluent be had in finite terms. Suppofe 
* zz a, and 40 zz 3, the* the fluxion will become 

t l 1 

v 4> — %av *v + aVv, and the fluent by the common rule 

K3 is 
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i|J-tr 3 -^— -w + 2 «*tr ; which, by rcftoring the value 



* " *a % ,4 6a i* 

of o, becomes -*-.* + *}* + 2-^.2 + *)* ~» — ** + d * 
io 4 j . * 

the required flucnt t 

And when the flowing part of the quantity under the radical 
is a power, it always follows by fubftitution, that if the ex- 
ponent of the flowing quantity without the radical be an ever* 
Dumber, the fluent may be had in finite terms ; but if an p$d 
number, it will run into an infinite feri$s, becaufe the indejf 
of the binomial then becomes a fraction. 

Example* 



Required the fluent of *** #<? +x\ 

Put a % +x* = v, then will * =\A— *% ** = * — *1** 
*. x xy/a + * = — * = 




From whence it appears, that if n be 

an od<J number, the index will be an integer, and {he ferie^ 
will terminate j but if it be an even number, the index will be 
a fraction, and the feries will run on fine fine* Syppofe n = 5, 

and m zr 2, then the expreflion becomes -v*<p x v — a% ]*l 
which being expanded, the fluent of each term taken by the 
common role, $n,d the value of v reftored, give^ • 

i . <? + *$ + i . a*+*f — *** . ?+~Pi* for the re, 

quired fluent. 
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If the flowing part of the quantity under the radical be 
raifed to fome power, and the fluxion without it be only that 
of the root, the fluent muft be obtained by infinite ferres. 
This, indeed, may be often avoided ; for if the given fluxion 
can be reduced to a form fimiUr to that of the arch of a circle, 
then the length of that arch, which is always expreffed iq 
terms of either the fine, verfed fine, tangent, or fecant, and 
the, jadius, will be the required fluent. 

Example. 

Required the fluent of , ■ . 1 i % 

r*v ccy c} 

The expreffion t ■ \*u ■ ■ is =' ^,~ -- =2 \c x , J> 1 ; 
V^Vi/ 2\cc — yy vcc—yy 

'' ' cy 
but j*l-i~— appears to be the fluxion of the arch of a circle, 
ycc — yy 

of which the radius is r, and fine y; and therefore when the 
degrees in the arch are known, the length of the arch is 
kpown »lfp, which being multiplied by f * gives the fluent of 



3« 



And when it happens that we cannot reduce the fluxion to 
any of thofe forms, yet, if we can by any redu&on difcover, 
that the numerator of the expreffion is the fluxion cf the dc-p 
nominator (which frequently occurs in the folutions of pro* 
blems) then will the hyperbolic logarithm of the denominator 
be the flueqt required* 

Example* 

Required the fluent of % % l 

K 4 T** 
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The e*preffion -— ; is sj^ x ^jsi .^d-— jj.is *s 

aar ac* c^x t 

t= ==s -£ ■ ' u X ~ r~ t but thisieatfreffion i*.the< 

*+* x c — x c — *] *+* t 

- 2** C + X 2CX yt.c — x\~ % ^. A . 

fame as j , i -f- * , ac<*assBr-sssr-;* Where th& n»* 

tf — a|* * — * c + xxc— *| 

merator is evidently the fluxion of the denominator ; therefore. 

c4-x 
the hyp. log- of --■— being multiplied by frf* will be tto- 

required fluent. 

But as it would be rather foreign to our prefent ptorppfcj 
and fwell the boolTbeyohd its intended fize, to endeavour to 
explain all the various methods of finding fluents by a proper 
number of examples, we (ball therefore only give ooe or two 
more of reducing furd fluxionary expreffions by infinite feries* 
apd Ernerfbn's tables; which will fervets a-fppcimen of the 
method of operation wi{b *11 other fimUarfonfes.. Suppofe w*-> 
fejefit one from £merfon'$ Trigonometry p. ^7,. ftco* d Edit* . 

where he gives ■ > ^ - * for the fluxion* of the arch of a 

A/rr — yy 
circle* 
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-^-s* 5= *-i— — % ♦♦. therefore thMfductioo wUl; 



Vrr — j?y r — ^ 



7 _ ; .* 
ftand as* follows* 
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8r* 
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r 8r7 V 





_/ 4.Z. + JL 
4 r* T 8r* / 6 4 r« 
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"~ 87* .+ lb? + &c * 




ar-fa.) -$-** 


i 5 


5 '* +&C 



Attf $|e*qpj-tiipttiplie(i hy r) gives 
this divided by r* ?— jf- *ijl;bp iq^hi?/orm, wa. 
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and the fluent j» . . 

- + _jL . 3> . 5/ j. Vlf - • 
* 3-ar» 5«-4^* 7.2.4-2^ 9.2.4.^8^ Wr ' 

fir ,■+ _>L 4. 3/ j, 3«s/ 4, 3-s-y y - 

• '• ' Second Method, 
r^i= 3 y^=? * tf x 7 ^ i that*, " v 

Multiply each term of the firft feries into all the terms pf the 
latter, rejedHng thofe which exceed the power you intend 
parrying it to, and it will ftand thus, 
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7* 
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i6r* 
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V'Vi 


+ a 


•4.2r° 


a.4.3.8r 



frota whence the fluent is had as before. 



Third 






— ■* — . = r> x r'—yij X >, 



— -3B56SSS = r-y 

% .Eom ifi, in^EmedaQ's.cajjclkat Treapfe^^liixjoiyt,, 

we have « = r*, £ = — I, * = jy* = a, - = — §; 
(or f* = — i, » = 3>} sod . *j. ;=. f>; then by fubftitution 

— + -—5 > • ♦ 

_jl_J •... 4, ^ £,..,,. flf„, 

3J 5 .='' • •- " 

^z + ■ ■ r > • • 



. y -j- g _i__*^ i = -SizL, &c. 

ff+ , + 3, 0+1 + 6 7.2. 4 .6r 7 

Therefore the, formula gives 

r 3:2r 4 , j-2.£; 5 7-M-^I 

for the fluent of /. .; ; which being multiplied by r^ 

vre have , + ^ + ji^- , &c. as before. 

It 
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It alfo appears, from the conftru&ion of the fluxion, that the 
fliient will be exprefled by the arch of a circle, of which the 

rad. is unity, and fine -; which may be very conveniently 

had from the Tables of Nat. Sines, &c, thus; Find thf 

degrees, &c. correfponding to the given value of p tohkh 

call i\ then it will be, as 180 : 3*14159 :: d : * li ™ 
the required fluent. 

Thii on£.exanij>le indeed might befufficient to fteV the 
znethoq of procedure with all fuch expreflions; but, in order 
to malfc it its plaii as }>offiltle, we (hall take another ekataple, 
which j is mtfrexdniplex, itoih p. 30 of the fame book, viz. 

\ j being thie fluxion of the arch of a circle, ex* 
preflcrfin terms of thi radius and verfed fine. 
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The quotient multiplied by rv give* 
k/vtv rif i/vrvrfrib , 7\/^rv.^%nf . *.K\/2rv.v*ri * , 

X_ | ^ , | + ' ~ h* 2 -" ill k ' 5 W, 

2rv a,ari(* 4i2.2rv] 3 6.4.2.2rv] 4 



i 



y/2r.v**u j_ 3 ^ /2r.vv § | $.5 



«v. • 



. + — x 

3> 4.2 



av + -£ja 



0T i> Zy2r.v"*v + \ * 

■ I ' . 

And the fluent is, 

v 2 *3r 2 3 .4.5r* 2 4 .4*6.7r 3 ' 

' i 

The'lient jmay ^rrd'^be had by Form 16, Emorfon** 
*Ftau*iif, rf4llo*$: . 



V2W— w i 



s rr*r X 2**— pP* x tT T *, therefore, <t te: %r* 



=} "r- J, and if r: «*» | ; or 



^ 3 — i, and 9 t± %; ;: \ \ 



And by fubftitution, 



*** 



*+i 



s** 1 _ aTrV _ 2fA I 



« 



t V 2 r\ 

* = 75" =-«•••• 

- Aj ^ * /ar 2r 

■ 1 m ' m ■■ ■ ' "-»■ , " ' ' < . 1 » »"^ 



I 
2t/ T tf 



=£> 
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B = mi 



2*r v /2r 

** — » « — i — 2 W* * v 

1 Jfo ' i x — — X" — *■■ — x 

2> __ 4 2 a rV2r 2r __ 2»3V*V 

*+i+ai ~ £ ~ s/Tr.^.^ 

C - 3?*^ . 

4«2 3 r a v /2r 

^ _ 6 4-iWar ar ^ 2.3.$tfoT 



W x i x 3, J- I + , + 3 2 4 4.6. 7 r 3 V^ # 

&c. - 

Hence we have 

%\/v . 2V T V a 2.%V % V% 2.2. «/*«;* 

~J= + — F= + /- + y -: , &C. 

*f %r 3,2VV2r 5.4.2 War 7*4.6.2 WV 

for the fluent of — =—====. Multiply by r, and it becomes 
\/2rv — w - 

— — - -|- — < — ; -{- — . + _ »&c« 

Var %\3r^r%r 2 3 .4.5f 2 v/2r a 4 .4-6.);r\/ar 

v 2 2 -3r 2 3 .4.5r z a^.b^r*' ? 

for the fluent of - , as before. 

szry — vu> 

Or thus, 



. This corrdponds to Form iq 9 

y/%rv — vv \Zir — v 

where % =z v, a zz a.r 9 — = •— - 1, (or (2 = 1,) and «-=• i j 

$nd the. fluent is, aNr x Degrees of the arch of a circle, of 

JJ, "Which 
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which the radius is i, and natural fine V — . Or, putting 
4 for the degrees^ it will be, 

as 180 : 3*14159 :: 2<fr ; -. — - L -~- , the fluent 

loO 

As thefe examples will be fufficient to explain the method 
of obtaining fluents by infinite feries, I (hall therefore only 
farther obferve tp the learner, that, m the folutions of 
quefiions, thp fluent firft found generally wiants correcting, 
by th? addition or fubtradion of forrie - cbrrftant quantity; 
which is always to be determined by the nature of the queftion^ 
s aqd may be effe&ed by this qafy rule : Substitute for the variable 
quantity in the fluent firft found, that particular value which, 
it is known to have when the whok fluent is fuppofed to be 
equal nothing ; then, if the resulting quantity be "affirmative, 
fubtraft it from the fluent before found, but If negative add 
it; and it will be truly corrected. If the whole expreffion 
fhould vanifh, the fluent needs no corfe&ion. An example 
or two will make it plain. Thus, Jn the fluxionary exprefiion 

y X a+yW the fluent firft found is ■ ^ \ Now fuppofe.« 
when the. whole fluent which this ought to exjurefs is equal tor 



ijothing ? that y is alfp equal to nothing, then will - — — bc- 

a* a -f >| 5 - a* 

come -4 5 hence r , Jl exceeds the whole fluent by — 

S 5 5» 

which being therefore fubtra&ed from it, leaves — 

5 
for the correft fluent. For if we put % for the whole fluent, 

then ought this equation % z=l — to hold good in all the 

$qtemporary values of % a.nd y. But it appears that, wher^ 
9 == q, if yrc? fuppofej s: 9 alfo, the expreffion for the fluent^ 



1 
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iftftcad <>f .yanifhing, remains equal to i- $ fhis quantity 



therefore muft evidently be either fubtrafted from * +J | 



5 



or 



added to % to preferve the equality. From whence the rule is ' 
i obvious. 

! ' 

If when the whole fluent is fuppofed equal to nothing, 
y Humid be known, from the nature of the problem, to have 
a certain-, value, ftill the corredion will be performed in 
the famo manner. Thus, when the whole fluent is equal* 
nothin g, let y > = h; then the al?ove fluent correded jvill be 

.- f ' f A * thls 1S a very material point in the ufe 

of fluxions, it may not be amifs to illuftrate it by the folutions 
pf a few qucftions, where the fluents will require a correftion. 

I 1. Required the area of a curve, of which the equation is 



X X 



By redudion we have y = Y— , ; multiply both 

iides by the fluxion of the abcifs, and we get a * *** 

a 
jfzyxzz the fluxion of the area ; the fluent of which found 

by the common rule, is — ^i- . Now when the area; 

pr whole fluent, is fuppofed to be =z o, it is evident that the 
atcifs x muft be alfo = o; hence the above expreflion be- 

comes — — , and therefore ~ — will be the corre<a 

3 3 3* 

fluent, or true value of the area. . 

♦ 

%• Let the equation of a curve be #y + *y z: a\ required 

$ie area, v 

k ? By 



5T 



H 



: ; hencq 
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By reducing »He equation we get j ~ -- ■-^-= 

- a * ■ is the fluxion of the area. And becaufe — - ===== 

*■' x y/T+Z + x 
is = r a - i , where the numerator is' 

evidently the fluxion of the denominator, therefore the fluent 
is /** x hyp. log. of x + \/a' + jr. Now Jmt * ^ ©, then 
thp fluent will become a % x hyp. log. of a 9 .•. a* x hyp. log% 



of x + s/a % + ** — ** * hyp. log. of a == ** X hyp, k>g, 

of * + ^f — is the correft value of the area. 

a 

*■ 

3. To find the fuperficies of an hyperbolic Conoid. 

Put the femitranfverfe of the generating, hyperbola :=♦/, the 
fecniconjugate = r, and the diftance of any ordinate from the 
center = x; then by the property of the curve we have y r; 

, c ■ • ex* ' * « - 

7 s / x x —e i and therefore y = — — - ; hence the fluxion 

t - ts/x 1, — r 

of the area will be (putting 3* 141 592 = f) 

2££ x s/7T? x x % — t*; or (by putting a* = ^r?) 

^— s/x z — a* . Now fince the fluxion without the radical 

a v . . 

. is not in any given ratio to that of the quantity under it, but 

js the fluxion of the root only, therefore, in order to avoid an 

infinite feries for the fluent, let the variable part of the fluxion 

xXx z — a x ,., . , x*x — ia r xx 

be changed to — . which » equal to ■ ■*> - — — — 

- ^ a * x Hjere then the numerator of . the firft term 



yV— * ** 



•« 
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is in a given ratio to the fluxion oF the quantity under the 

radical, Whence we get £LX for the fluent of that 

. a 

term j from which fubtra&ing t he fluen t of the other term 

= — 2- * . ■ ■ , , there arifes -~z — pea x hyp, log* 



s/x z — a % 



a 



tofx + %/x % — a x . But from the nature of the problem it is 
evident, that when the area is ftippofed.to bfe rr o, that x will 
then be zz a; therefore the corre& fluent will be . ..- - 

t c l s / x r r±S—pf— t cd * hyp. log. of * + */** — *' - 

the true area of the ftiperfictesi 

Before we cldfe this fubjefl, it may nqt be amifs to give i 
fliort Explanation of 'trigonometrical Fluxions. Thefe lhould 
by all means be well underftood by the young Mathematician, 
On account of their great ufefiilftefs in Aftfbnomy, Navigation, 
Dialling, &c. For firice the places of the heaivenly bpdies, 
the titrieS of their riling, fetting, &c. their right afcenfion, 
declination, latitude, longitude, amplitude, azimuth,, &ci 
are all calculated by fpherical triangles, of which the fideg 
and angles are varioufly affected by parallax, refra&ion, pre- 
teffion of the equinoxes, obliquity of the ecliptic, &c. it is 
obvious, that where accuracy is required, it is neceffary to- 
iti'ake a cofre&ion of the variable parts, by fuppofing a fmaili 
fcontiriued motidn^iri^ne oj more of the great circle's by which 
the triangle is formed, and thence by the fluxionary increase 
Or decreafe of the fides and angles to determine the quantities 
fought; 

This fubjeft naturally . divides itfelf into four cafes a* ~ 
follo.w; 

L 3 i. When; 
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i. When an angle and a fide adjacent are conftailt. a* When 
an angle and the fide oppofite are conftant. 3. When two of 
the fides are conftant. 4. When two of the angles are 
conftant* 

CASE t Fig. 14. 

In any fpherical triangle ABC, if the angle B and a fide 
adjacent to this angle, fuppofe BA, be conftant or invariable, 
then (hall we have the following analogies, 

1. BC : AC::R ;cof.C. 

2. BC : A :: fin. AC : fin.C. 

3. AC : A :: fin.AC x cof.C : R x fin.C :: fin.AC : tang, A. 

4. BC : C :: tang. AC : fin.C. 

That is, 

1. As the fluxion of the variable fide adjacent to the conftant 
' angle is to the fluxion of the fide oppofite, fo is radius to the 

cofine of the angle oppofite to the conftant fide. 

2. As the fluxion of the variable fide adjacent to the con- 
ftant angle is to the fluxion of the angle oppofite to this fide, 
fo is the fine of the fide oppofite to the conftant angle to the 
fine of the angle oppofite to the conftant fide. 

3. As the fluxion of the fide oppofite to the conftant angle 
is to the fluxion of the variable angle adjacent to the conftant 
fide, fo is the re&angle under the fine of this fide and the 
cofine ot the third angle to the re&angle under the fine of the 
fame angle and the radius, fo is the fine of the fide oppofite 
to the conftant angle to the tangent of the angle oppofite to. 
the conftant fide. 

4. At 



r 
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4. As the fluxion of the fide adjacent to the conftant angle 
is to the fluxion of the artgle adjacent to this fide, to is the 
tangent of the fide oppofite to the conftant angle to the fine of 
the angle oppofite to the conftant fide. 

In order to give a clear demonftration of titefe analogies* it 
Will be neceffary to premife the following 

LEMMA. 

If from the three angles of any fpherical triangle ABG 

(fig. 15.) taken as poles, there be formed another fpherical 

' . * * » 

triangle DEF, we fhall have, DE = A, DF r= C, FE = 'A j 

and f> = 1l<C, E = iOi, fc = 15. For it is demonftrated 
by moft writers on fphefics, that each fide of the new triangle 
to defcribed will be the fupplement of the angle which is at 
its pole, and each of its angles the fupplement of that fide of 
the triangle ABC, to which it is oppofite ; and it is well 
known that an arc and its fupplement have the fame fine, cci- 
fine, tangent, &c. therefore the fluxions .of the fides DE, EF f 
and FD, of the triangle DEF will be refpeftively equal to the 
fluxions of the oppofaj angles in the triangle ABC; and 
the fluxions of the aapfes D, E, F, the fame as thofe of th$ 
oppofite fides AC, AB, BC. 

Suppofe now in the triangle AfiC that the great circle of 
Which AC is a part, by a motion roliiid A as a polfc, cornea 
into the pofition AC, and the fides BC, AC Will become Br, 
Cc 9 refpeftively, which produce till they be each 90 degrees, 
and from the pole A dsfcribe the little circular arcs GC, EZfj 
then will the indefinitely fmall quantities Cr, Cc> be the re* 
ipefiive fluxions bf the fides BC, AC, and the arc EE the 
ineafure of the variation of the angle A 5 and becaufe the 

L 4 triangla. 
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triangle CCc> 'which is right-angled at C, may be efteetnecH 
right-lined on account of its fmallnefs, the fides will be pro- 
portional to the- fines of their oppofite angles. But as the 
angle at c is eflentially the fame as the angle at C, and con- 
fequently the angle cCC the complement of that angle, we fhall 
evidently have, Cc : Cc :: R : cof.C; ot 9 BC : AC :: R : cof. C, 
- the firft analogy, a. Becaufe the fmall arcs E£, CC, contain 
the fame number of degrees, it will be, EE : CC :: R : fin. AC ; 
and in the triangle CC:, it is, CC : Cc :: fin. C : R, hence 
EE x CC : Ce x CC :: R x fin.C : R x AC, that is, 
EE : Cc :: fin.C : fin. AC; or, A : SB :: fin. C : fin. AC, 

and by inverfion, BC : A :: fin. AC : fin. C, the fecond 
analogy, 3. By inverfipn, and multiplying the correfponding 
terms of the firft and fecond analogies, we get, 

AC : A :: fin. AC x cof.C : fin.C x R :: fini AC rtang, C^ 
the third analogies. . 4. And according to this cafe in the tri- 
aigle DEF (fig. 15.) of which the parts. are all fupplements 
to thofe of the triangle ABC, the angle at E and the adjacent 
fide FE will be conftant ; and by the Lemma, the fluxions 
of the 'fide DF and angle F will be refpe&ively equal to the 
fluxions of the angle C and fide BC of the triangle ABC; 

but by thejaft analogy it will be,, UI'W :: fin. DF : tang. T> y 
and becaufe angles and their fupplements have the fame fine and 
tangent, we have by fubftitution* C : BC :; fih,C : tang. AC, 

and by inverfion, BC : C :: tang. AC : &n,C r the fourth/ 
analogy. QE.D. 

CASE U. Fig. i6.v 

( When any one of the angles B and its oppofite fide AC are 
conftant* we have thefe analogies, , 

K 6 
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t 

I. C : AB :: tang.C : tang^AB. '' 

a. A : BC :: tang, A : tang. BC. 

* * 
3. AB : BC :: cof^C : cof. A. . . 

'4. A '■: 6 :i cof.BC : cotAB. 

That is, 

1, 2. As the fluxion of either of the variable angles is to 
the -fluxion of its oppolite fide, fo is the tangent of this anglfc 
to the tangent of the fame fide. 

3, 4. The fluxions of the variable fides are as the cofines 
- of their oppofite angles; and the fluxions of the variable angles 
as the cofmes of their oppofite fides* 

Demonstration. 



Since the fin. AC : fin. B :: fin. AB : fin. C : : fin. BC : fin. A, 
e hat 
ftn.B 



•we have, fin. C = - — -r-^ x fin. AB, and fin. A — : 
Jin. Av~> 



- — —~ x fin. BC: from when'ce it appears that the fluxion* of 
fin. AC 

fin. C> ?nd Jin. A, are as the fluxions of their oppofite fides AB 
and BC; and the fluxion of the arc which meafures the angle C 

, „ . ' - , An iin. C . fin.AB^ 

is to the fluxion of the arc AB as — --- is to — r-rrr*, or as 

coi.C col.AB ' 

. — l^ fin. C fin.AB * .. . . . ' , 
C : AB :: — r— : — > ,r> • And becaufc the fia^C has a 
cofvC cof.AB . 

conftant ratio to fin. AB 3 it will be, 

* For it is demonftrated, in mod trcatifes on fluxions, that the fluxion of 
an arc is to that of us fine as radius is to the co'fifte of this arc ; and there- 

line 
fore when the radius is x we have —7- for the fluxion of the correfyonding 

arc,- * ' 

as- 



*70 OF FLUXIONS. 

as fin. C : fin. AB :: fin.C : fin.AB; hence by fuftitutioif, 

C : AB :: —r-^ : r A , that is C : AB :: tang. C : tang. AB, 
col. C col. Ab " ° 

the firft analogy. After the fame manner it may be proved 
that, A : BC :: tang. A : tang BC, the fecond analogy. 
And if DA be fuppofed equal to DA„ DC equal to DC, and 
the angle at D very fmall ; the angles at A and C may evU 
dently be efteemed right angles, AC equal to ac, and therefore 
Aa equal to Cc. Hence in the right-angled triangle AAa 9 
we have Aa : Aa <:: R : cof. A; and in the right-angled 
triangle CGr, Cc : Cc :: cof. C : R ; therefore 
Aa x Cc : Cc x Aa :: R x cof. C : R x cof. A, that ii 
Ka : Cc :: cof.C : cof. A ; or, aB : BC :: cof.C : cof. A, 
the third analogy. And by the fame manner of reafoning in 
the triangle DEF (fig. 15.) we have Dfc : DF :: cof.F : cof.E, 
therefore per lem. it will be A 2 C :: cof.BC ; cof.AB, the 
fourth analogy. ^. E. D. 

CASE. III. Fig. 17* 

If any two of the fides AB, BC, are conftant, thefe analogies 
will obtain, 

I. B : A :: R x fin. AC : fin.BC x cof.C. 

4. B : 6 :: R x fin. AC : fin. AB x cof. A* 

& B : AC :: R* : fin. C x fin. BC :: R a : fin. A x fin. ABi 

» 

4* C : AC :: cot. A : fin. AC. 

5. A : AC :: cot. C : fin. AC* 

That 
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That is, 

1, 2. The fluxion of the angle formed by the two conftant 
fides is to the fluxion of either of the other two angles, as the 
re&angle under the fine total and fine of the variable fide is to 
the re&angle under the .fine of the fide oppofite to the latter 
angle, and the cofine of the third angle adjacent to this fide; 

3. As the fluxion of the angle formed by the conftant fides 
is to the fluxion of its oppofite fide, fo is the fquare of the 
radius to the reftangle under the fide of either of the other 
angles and the fine of its adjacent fide. v 

4, 5. As the fluxion of either of the angles adjacent to the 
variable fide is to the fluxion of this fide, fo is the cotangent 
of the other adjacent angle to the fine of the faid fide. 

■Demonstration. 

1 Let the angle ABC become ABC, and the fides BC, BC, 
AC, AC, be produced to quadrants; then will Ee evidently* 
meafure the variation of the angle at B, and Gg that of the 
angle at A. From A defcribe Cr, and there will be formed 
the triangle CcC 9 which on account of the fmallnefs of the 
angle CAC may be efteemed right-angled at t, as alfo the 
angle cCC the complement of the angle C. From hence, 
and the fimilar fe&ors, we have thefe proportions, 
E* : CC :: R. : fin.BC; Cc : Gg :: fin.AC : R; 
CC : Cc :: R : cof. C; the correfponding terms of which 
teing multiplied, and the values of the arcs E*, Gg, fubfti* 
tuted in the produft, we (hall have 

B : A :: R X fin.AC : fin.BC X cof.C, the firft analogy. By 
a fimilar procefs we get* B* :C::Rx fin. AC : fin. AB X cof. A, 
the fecond analogy. And by multiplying the correfponding 

terms 



i 
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terms of tbefe two proportions, E* : CC :: R Xri. BC j 
CC : cC :: R : fin. C, wc find E* : cC :; R* : fin. BOTt fin. C, 
or, B :"AC :: R* : fin. BC x fin. C; and if we fuppofe 
the angle B to flow towards A, we (hall \n like manner get 

B : AC :: R 1 : fin. AB x fin. A, which are the third analogies* 
By Cafe II. we have B:C::R xfin.AC: fin. AB x cof. A* 

and AC : B :: fin. C x fin. BC : R* ; therefore, by multiply- 
ing tkefe two proportions together and reducing the produ&* 

■■ ■ >■ . 
we have, AC : C :: fin. AC : cot. A J or by insertion* 

C : AC :: cot. A : fin. AC, the fourth arialogy* And by 

the fame method we find A 1 AC ;: cot. C : fin. AC* Jthe fifth 
analogy. QE.D* 

CASE IV. Fig.. 16, 

When any two of the angles B, C, are conftant* the fo^ 
lowing analogies are derived, 

I. ACJ : AS :: fimB x B. : fin.C x c6f.BC. 
a. AC : BC :: fin. B x R : fin. A x cof. AB. 

3. At? : 6 :: cofec. AB : fin. A :t cofec. BC : fin. <& * 

4. AB : B :: cot. BC : fin.B. 
,5. T$C : B :: cot. AB : fin. B. 

"that is, 

i, 2. As the fluxion of the fide Qppofite to the variable 
ingle is to the fluxion of either of the other fides, (b is the 
tfe&angle under the radius and fine of the variable angle to the 
jte&angle under the fine of the angle oppofite to this other 1 fid* 
and the cofine of the third fidtf 
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3» As the fluxion of the fide eppofite to the variable angle 
I? to the fluxion of this angle, fo is the cofecant of either of 
the other fides to the fine of the conftant angle adjacent to 
this fide* 

4, 5, As the fluxion of either of the fides oppofitc to the 
conftant angles is to the flu*iqn of the variable angle, fp is thef 
CQt^ngcnt of the other fide to the fine of the feid angle. 

Demonstration. 

By applying this cafe to fig. 15. the two fides DF, DE, 
WiU be variable, therefore by the laft cafe we (hall have, 
t> : E :: R x fin. FE 2 fin.DE x cof. F ; or, by fubftituting 
the corafponding valuta in the triangle ABC, 

555 : XS :: R x fin. B : fin. C x c#f. BC, the firft analogy. 
In like manner may the fecond analogy be obtained. And 
bec^ufe the fquare of the radius divided by the fine of an arc 
is equal to the cpfecant of this arc, the third analogies will * 

-become AQ : B :: R* : fin.Axfip.AB :: R* : fin.C x fift.BC, 
and tbcJTe proportions, are eafily inveftigated by the triangle 
PEF, and the third analogy of Cafe III. The fourth an<| 
fifth analogies are immediately deduced by applying thpfe of 
ipafe HI. to Fig. 15. QE.D* 

, I (hall now (hew the application of this theory by an example 
pr two. 

Example 1. • . 

Recjuired tip hour of the day or night, by the obferved air 
\ itude of a ftarj apd alfo the error of time, fuppofing the error 
||i the obferved altitude to be known* 

^ Solution* 
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Solution* In the fpherical triangle PSZ, (fig. 18.} whereiri 
P reprcfents the pole r Z the zenith of the place of obfervation, 
and S the place of the ftar, ZS will be the complement of the 
liar's altitude, PS the complement of its declination ; PZ the 
complement of the latitude, and the' angle ZPS a variable 
hour-angle contained betwixt the conftant fides PS, PZ; 

Now by Cafe III. we get, P : ZS :: R* : fin. Z x fin.PZ ; 
but P h evidently the meafurc of the error in time ? therefor^ 

. R x xZS ^ „ ^ 

* ehaveP ^ fin.Zxfin.Pfc : *** 

R* 
Qor. j. From this equation it appears that, fince ^ — = 13 

? conftant quantity, if the fa;ne error be foppofed to be made 
in different obfervations in . the fame ' latitude, the error 
of time will not be altered, whatever (he altitude of the fta? 
J>e. 

2. If the latitude be ftill fuppofed the feme,, the error of 

time will be the leaft when the ftar is obferved on the prime 

yertical ; for then the angle at Z is a right angle, add there* 

R* * 
fore 7—7= becomes barely R. And the error will be the leaft 
fin Z 

poffible if the obfervation be made at the equator when theftaf 

ID 7. y rye 

is on the prime vertical, for then the expreffion rz — = — : =• 

l1n.Zxi1n.fz4 

lyill evidently be a minimum, fince fin.Z X fin.P£ will be 
the greateft poffible. 

Example I J. 

Required the correftion neceffary to be made in determining 
the inftant the fun comes to the meridian from two equal 
altitudes ; fuppofing the fun's declination to undergo a little 
diange during the interval of the obfervations. 

•i Solution 



r 
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Solution. If the fun's declination was the fame at both ob- 
fervations, half the interval would afcertain the inftant of 
noon ; but as this can happen only at the folftices, at all other 
times of the year this half interval muft want a correction, by 
fomething being fubtra&ed when the fun is in the; afcending 
figns, and added when in the defcending figns; .becaufe in the 
former cafe the fun muft evidently arrive later at the - fame 
altitude, and in the latter cafe fooner. In order then to de- 
termine this correction, let Pj, PS (fig, 19.) be two-hour 
circles very, near to each pther, and terminating in the fame 
^Jmacanter ESL, an4 the angle PSi will evidently exprefs how 
much later or fooner the fun comes to the fame almacanter in 
the afternoon than in the morning * and therefore the half of it 
wilt exprefs the time which muft be fubtrafted from, or added 
to, the half interval of the obfervations. Now as the change. 
in declination for fo fmall an interval as three or four hours, 
liiay be fafely taken for the nafcent variation or fluxion of » the 
*rc PS, and that the fid^s PZ, SZ, of the triangle PSZ are 
^onftant, and the fide PS variable 5 we (ball have by Cafe IIJ 4 

*s P : PS :: cot*S : fin. PS 5 or, (per fpherics) 

-,% £s cot.PZ cot. PS ^ , 

P : FS :: — =fc — — 5 : R; hence. , 

* hn.f tang.P ' * 

• PS tang. lat. tang. dec. _ , , r - . . 

P ~ ^5- x * „ ±.— £ — =r- . The half of this ex- 
* R fin. P tang. P 

predion, reduced into time, is the required correction ; the 
affirmative fign taking place when the declination is fotitherly, 
pnd the negative fign when i^ is northerly, j^. £. £> ? 

Remark, for the former of thefe examples (and indeed in 

a great meafure for the theory of Trigonometrical Fluxions) 

I am indebted to Mr. Cotes's Treatife, De aftimatione err or urn 

in mixta tnathe/i; and the latter may be feerr in De la Caille*s 

- Aftropomy. £ variety of examples qf ^he applications of 

^luxional 
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Fluxional Analogies are alio giren in Lts Msmoirts de T Aca- 
demic 1 7 74 1 and in M. De la Lande's Aftronomy. But it 
may not be improper, however, to obferve by way of caution 
. to the young reader, thatj (blutions obtained by this method 
cannot be depended on as ftri&ly true, unlef6 the arcs under 
confideratkm be in their evanefcent ftate ; and therefore the 
nearer they approach thereto, the nearer will the folution ap 7 
proach to*pretifion. 

The following problems (among many others) are invefti- 
gated by the* DireQ Method of Fluxions, i. The Maxima and 
Minima. a. The finding of Tangents. 3. Determining the 

. points of contrary Flexure in a Curve. 4. Finding the Evo- 
lutes of Curves. 5. Inveftigating the Catacauftic and Dia* 
cauftic Curves. &c. &c. And the Inverfe* Method i* applied, 
1. To the finding of ihe Lengths of Curve Lines. 2. To 
the Quadratures, or finding the Areas of Figure*. 3. To in- 
yeftigating the Surfaces of Solids. 4. To determining the 

x Solidities of Bodies $, in which is included all Menfuration. 
5. To finding the Centers of Qravity, Percuffios, and Ofcil- 
lation. 6. To inveftigating the Law of Centripetal Force in 
a given Curve. And laftly, to the folvihg of -all Phyficai 
problems whatfoever. Since then fluxions are univerfally ap- 
plicable to t all kinds of problems*, I would advife the young 

algebraift 1 

• There may be cafes propofed which are too fimple for the method of 
fluxions, fuch as finding the areas of parallelograms, the fuperficies and 

> folidities of parallelopipedons, prifms, cylinders, &c. fince a figure or 
folid fimilar to thefe is evidently always aflumed ;n the very nature of the, 
flax ion j and therefore nothing can be inferred from thence. And, on the 
Other hand, there may be cafes propofed -which feem to be inacceffible by * 
flux ion ary calculus. Such is the problem refpe&ing the equality of the 
areas of the hyperbola and triangle of equal bafes, when the altitudes of 

- both are fuppofed to be infinite. Here the method of increments anfwer* 
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algebraift to endeavour by all means to make him (elf thoroughly 
Acquainted with thern. 1 know of not book on the fubjeft fd 
well calculated to anfwer this end as Mr. E me r fan's. His 
forms for fluents are excellent ; and nothing can more facilitate 
the learner's pfogrefs ifcan . his endeavouring to inveftigate 
them. 

The following problem halving fome time ago engaged my 
attention, by endeavouring to adapt an analytical folutidn 
thereto, inftead of the trigonometrical one which has hitherto 
I>een made ufe of, I intended here to prefent the reader with 
the refult of thofe Speculations, riot only becaufe the method 
of iblutiod is new, but 4$ the problem is applicable to fome 
curious phcenomena in Aftronomy, particularly in determining 
With great accuracy the periodic times of the difappearance of 
Saturn's ring to an obferver fituated either on the earth or any 
6f the planets ; but as there is juft publifhed at Paris a treatife, 
entitled, EJfaifur les PhimmXnei relatifs aux difpariiious piriodiques 
' de VAnneau de Saturne* where this problem id folved in a more 

fuch problems with gfcat facility j when fluxions (eem to be of no ufe. 
Unlefs, indeed, we may be allowed to reafon after the manner of a well- • 
Known mathematical writer, in a cafe almoft fimilar, a* follows : Since, by 
Hypothecs, the lad ratio of the areas, or fluents, is that of equality* their 
fluxions iriay be alfo efteemed in that ratio; therefore, if by equating the 
fluxions, the value of the abeifs, or altitude, comes out infinite, we have 
then derived the fame conclusion. Thus, in the cafe propofed, let t = the 
femitranfyerfe^ c =r the femicon jugate, and x = the altitude of die triangle; 

then by the nature of the curve —i/**— . /* is the fluxion of the area of 

the hyperbola; and - -■—■— -f a/a* — /* X — is the fluxion of the 

area of the triangle. Thefe therefore being equated and reduced, become 
x* = jf* ~ /* ; hence / is = o ; but fince / is a conftant quantity, it can 
therefore be only comparatively nothing to x. Confequently x is infinite j 
for when a given finite quantity is o when compared with another quantity, 
•flue value of that other quantity muft be infinite. 

* J M general 



I? g A C U R I O U S 

general manner, I have thought proper to referve my rwn 
folution for a future publication, andJiave here given an ex- 
tract from the fecond and third fe&ions of the above-men- 
tioned work. 

A Problem. 

i. Suppofe & bo<Jy T (fig. ao.) revolves in a circle with an 
uniform motion; and in the fame time another body R is 

uniformly carried in the right line R/S/, pafling through S 
the center of the circle ; and that there is given the ratio of 
the velocity of the body T in the circle to that of the body R 
in the right line, and alfo the (ituation of the latter body in 

the tight line at the inftant the former is at t. Required an 
exprcffion for the arch defcribed by the body T from its 

commencement of motion at t, to the inftant they ere found 

in the fame perpendicular to the right line R* Sf ; alfo an ex- 
preflion for the arch defcribed by T when the body R arrive* 
at S. 

Solution. 

a. Put a tz t R, - ir the ratio of thte velocity of the 

n J 

body T to that of R, r c the radius of the circle, u zz RQj 

and % ±2 the arch *T*P. By the queft. we have n : m :: u : *, 
.\ — = %t and fince PQ^is perpendicular to the right line 

tSt 7 PQ_is the fine, and SQ^the cofineof the arch z; hence 
Qr is equal to r — cof.z. And by the confttu&ion Q/ is equal 

,RQ^— f R zz u — a, therefore u — a zz r — cof.s; which, 

becaufe 
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betaufe u = — , becomes — % + tof.z — r — a rr 6. TKs 
Equation contains every caft When the bodies T and R are 

in the fame perpendicular to the lin£ /Sr. When the body R 
is at S, u is equal r + a\ therefore in this cafe the equation 

becomes r — d = o. 

m 

3. In the above equations it rhuft be remembered that the 
fign of cof.2 is affirmative when the arch is between o° and 
90% 270° and 360 ; and negative when it is between 90 
and 270 . That the arch » may be greater than 360 , and 
that the fign of the cofine is the fame for an arch-of 360°+ % 
as for the arch %i 

4. Before we proceed to inveftigate the unknown quantity 
% in thefe equations, we fhall obferve, that as the' folution 
will be beft exhibited by particular cafes, we (hall therefore 
fix on fuch conftant quantities in the equations, as Would 
iri'le from that part 6f aftronomy to which the'queftion is par- 
ticularly applicable, viz. the PHaenorhena of Saturn's King. 

As the diftances of the Earth and Saturn from the Sun are 
refpcftively as 1 : 9*5394, the length of the Earth's femidi- 

ameter will bfe the fine of 6° 1 2 in Saturn's orbit.. Saturn 

> //' 
then defcribcth an areh of 6° 1 2 from the inftant the plane 

of his ring produced touches the Earth's orbit, to the inftant 

it pafles through the fun ; and as Saturn's periodic time in his 

orbit is 1076 1 '6 15 days, he will be 179*83 days in running 

6° 1 2' The plane of his ring then taketh nearly 360 days 
to r.un the diameter of the earth's orbit;' but as this is only the 

— ^th part of it, it is therefore ^2£ ^ gg ^lays in ronnirtg 
355 "3 

M % tht 
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die wLolc orbit ; but the earth takes 365^5 days to run the 
fame diftance, hence the velocity of the earth in its orbit i» 
to the fxmultaneous velocity of the ring of Saturn (confidered 
a* in the diameter of the earth's orbit) as ^ii x 360 is to 

365-25, V m : n :: ^ x 360 : 365-75 :: 3-098 : 1. 

Hence the foregoing equations (the former of which, for 
the fake of diftin&iqn, we fhall hereafter call the original 
equation)/ in relation to Saturn will become 

-5 % + cof.* — r — * =: d ; 



■ » y z — r — tf=o. 
3'Q9 8 
The firff of thefe equations may have different values 5 th* 

fecond can only have one value. 

5. Now to determine the number pf real roots which* 
equations of a fimilar form With the original one may contain 
in general, we may eafily perceive that they muft depend on- 
the value of a, and the ratiaof m to n\ and moreover that * 

cannot be greater than — arclr 360 , or — * ^ x r\ 

m u m> 1U3 . 

this being the fpace the body R defcribes in the right line 

during one revolurion of T. For if a exceeded thi& quantity,. 

it is evident, that it would become lefs- after one revolution of 

T, which would therefore no ways affect the queftion. It i* 

alfo evident that the equation hath at leafrone real value, fince - 

it is impoffible for the body R to move in the right line R/f 

while the body T revolves in the circumference of the circle 

*T|P, without both being at fome one inftant in the>fame 
perpendicular. But to determine the number of the real value* 
#£ %> we muft investigate fucfc values of a whereby the 

original 
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'Original equation may contain two values of z, one real, the 
other imaginary, for it is by this double value that the roots of 
the equation in palling from imaginary to real, or from real to 
imaginary, may b£ determined,* 

6. By 

* The demonflration to this propofition I*fliall give in M. Du Scjour's 
own words, " Pour demon trer cette propofition, je me/ers dutbeoreme coram 
<de tous les Geometres, par Uquel on enfeigne a trouver la valeur analyt'ique 
J * une f on ft ion, lorfque la variable que cette fori ft ion renferme, croit ou decroH 
•June petite quantite.— —Soit px une Jon ft ion de la variable x\ dxtkX fa 
difference de cette fonftion ; dxvx la difference de &x; dxVx la difference 
M vx 9 &c. Soil enfuite f * + z unefonftion de x + z pareilli a la f on ft ion 
yx, z etant une tref petite quantite. On dimontre que Von a 

; , Z±X 7*TX z**x , 

^x + z = f x + 4 4- &c. 

Appliqupm ee principe.au cos dont il s'agk. Nous avons *n general a =2 
— * + cof. z — r. RJduifons enferie chacun des membres de cette equation au 
mbyen du tbeoreme precedent, II efi aije de voir quefi Von/uppo/e que, tandis 
que la variable a qui entre dans le premier membre de I 'equation* croit d y une 
petite quantite u, la variable z qui entre dam le fetoml membre, croit a" une 
4iutre petite quantite fi r Von aura en vertu du tbeorime, 

— r — fin. 2: M . m - 

» , t . „ » jB*cof.« # &*im.z . 

» 4-*= -% -fcof.s — r.+ x ■ — *- r, + ^. ' > &c 

-^ m . ' ^ r • i.2r* ^ 1.2.3** 

jtfiif /tfr /a fuppofitkn, a = — as -f- cof. * — r j de plus puifqu'il iagit des 

points particulars qui respondent aux racines doubles de V equation, Von a 

(§6.) — r — fin.* == o ; done dans k cas ou la quantiU £ efi infiniment 

petite, Von a 

% « r* + £* cof, z =: 0| 
£0 ** 901 fevient au mime, 

v coi.« 

£a*c £ $? deup-imaginaire &f <&>«*</ dujigne de «. Done c % eft par la valeur 

particuliere de a correfpondante aux racines doubles de V equation, que cette 

, {nuation acquiert de nouyelles valeurs reeks, & reciproquement j pui/qu'em 
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6. By the method De Maximis et Minimis wc find that the 

equation hath a double value when — dz + d X cof. % zz o, or 

1 m - ' 

(becaufe d x cof. z = - tS±£^ l r _ fi n . * = Q . Henc? 

the equation will have double roots when the bodies T and R 
are in tlie fame perpendicular, and the former hath deferred 

an arcU the fine of which is expreffed by ~, which may be 

m 

greater or lefs than 90 ; or that arch augmented by 360 degrejes, 

or any multiple thereof. 

7. As the fine of an arch can never exceed the radius, it is 

evident becaufe of the condition ~ — fin.? = o, that the 

equation can only have double roots when n is lefs than iw, or 
at moft its equal.. Let us fuppofe n zz m, that is, let the 
btdies R and T have the fame velocity, then we fhall have 
fin. % zz r, an4 the correfponding values of % and cof. %, will 
• be arch 90 , and o. Therefore in the fuppofition of n zz jn^ 
Equations of a fimilar form with the original one can only 
have double values'when a =: arch 90° — "r. 

de-c a de cette <vaUur $ eft reel, & qu'au de-la de cette valeur eft imagi- 
naire, ou reciproquement. 

On demontre par la menu analyfe, que liquation ne peut acquertr de nou- 
ycUes va/eprs riel(*:,.que par fes points particutiers qui repondent aux racinet 

doubles 1 en effet s'il n'etoit pas queftion de ces points , la quantity ? fin.* 

neferoitpas nuUei & Von auroit en verfu du tbe'oreme, dans la cos ou $ eft 

nr ' 

— — fin.« 

une quantite infiniment petite, « = |8x : . D'ou Von voit quejbit 

$ue Von fuppofe « pqfitif ou negatif. Von aura toujour s une valeur de H 

.rielleJg ' ' ' ' ' ' " : ' " ' "' 

'8. I* 
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8. In order to exhibit the roots of the equation in the fup- 
fofition of n = m, we (hall rcprefent the different values of a 

by the abcifles of a curve, and the correfponding roots — by 

the ordinatesof the fame' curve. The locus of the original 

equation will be a curve m, m, m (fig. 21,) having a point 

of inflexion at m, the ordinate to this point will touch the 
curve, and join three points thereof; hence the equation will 

have three equal roots, and the correfponding abcifs AP, or a, 
will be expr^Ted by, arch 90 — r. If we take any N other 
point m in the curve, the correfponding ordinate AP will be 
/exprefied by a fimple equation, and therefore have only one 
real root. And in the fuppofition of n being greater than m 9 
the curve will hav«s no point of inflexion ; for whatever the 
value of a is, the ordinate will be exprefled by a fimple equa- 
tiQn, containing but one real root. If the curve be confidereA 

as purely geometrical, not only the part m> m 9 m, but alfo the 

part m, m, m> equally rcfolveth the queftion ; but though the 

inflexions are fimilari yet as the abcifles AP, AP, &c. are ex- 
prefled by 360 + 90 — r, 2 x 360 + 90 — r, &c. they 
are of no ufe in the aftronomical part of the folurion, as 
they exceed 360', agreeable to what we obfcrved in § 5. 

wherefore the part 0/ the curve m> m t m 9 can only fatisfy the 
probleo). 

9. If n be lefs than m the locus of the equation will be a 
curve of various finuofities (as in fig. 22> 23.) depending on 
tfce different relations of m to /*. And one or more of thefe 
finuofities (formed by the different returns 6f the curve) may be 
cut by the fame, ordinate line, according as the ratio of m to n 
ff>groaches to, or recedes from, the ratio of equality. 

M 4 xo. To 
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10. To illuftratc this, let us fuppofe the ratio of m to u as 
10 to 9, and wc fhall have by the equation fin.z zz o> 



m 



qr ' , .©■/*/ 

js = — ; from whence it appears that the angles 64, 9, 30, 

© / a 
1 15, 50, 30, anfwer the conditions of the qucftion \ the colinc 

of the former arch being -f ~~ — - =4-42 580, and of the 

latter — 43589* Thefe values of the arch % and its colinc 
being fubftituted in the original equation, give 

Q - Q / // 

J- arch 115 50 50 — 43589 « — 100000 ; — a = p, 

Q o / // 

— arch 64 9 30 + 43589 — ioopco — a = 0. 
From the former of which equations we get a =: 38376; ancj 
from the latter a = 44369- Other values of a may alfo bf 
found from the equations 

o 00/// 

-2- x 360 -f 1 15, 50, 30 — 43599 — looopo — a =t o, 

Q O O / // 

- y - x 360 + 64, 9, 30 + 43589 -<- 1 00000 — a = p, 
10 

from whence * r: 603863, and 609856. 

ii. Since when wz : n :: 10 : 9, the equation 

~- % + cof. 2 -'- r — a zr q, can only have three real roots 

when the value of a is between 38376 and 44369, it appear! 
that if the ratio of the velocities of the two bodies T and R be 

as 10 to 9, and that if at the inftant the body T is at f the 
body R is alfo in the fern? poip% they will meet but once in 
the fame perpendicular; but if at that time R is at fome 

diftance from / between 38376 and 44369, they will be three 
times in the fame perpendicular; and if the diftance be greater 
. (ban the laft number, they can meet but once. 

■"■■ i ' ' - ; : "iff 
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J2. If m have a much greater ratip to n than in the prfe- 
fccding fuppofitipn, the two angles % by which the origin*! 
equation acquireth double roots, will be much farther removed 
from 90 , the one approaching nearer to 180% and the other 
to o°. . If we (uppofe the angle 2 determined by the equation 

% =z ~ to be always the lcaft of the angles refulting from this 

relation, the original equation will in this cafe be of equal 
yalue with the following ones, 

— X 180 — % — cof. % — r — 4?o» 
m * ■ 

— % + cof. z — r — a ~ O, 

The firft of thefe equation^ (hews the relation between t^ 

pbcifs and ordinate at the extremity m of the finuofity A mm 
(fig. *4.), and the fecond eypreffeth that bejween the abcifs and 

ordinate at the other extremity of the lame finuofity m. If 
then we fuppofe that the point of the curve m anfwereth to 
the abcifs ;s Q, the firft equation will become 



— X l80° — % — Cof. 58 — r^o, 

" ' c 

which by fubftituting for — its equal — — becomes 

108* — % x fin.*-— r xrf cof. % = o ; 
therefore the problem is determined, depending on the quadra* 
.ture %i the circle. From thefe equations we eafily find 

o ./ // o o / // 

% zz arch 461 26, 0; 100 — % = 133, 34, o* 
' n ^ 7246 _ 1 
m "*" 10000 ~ 1*38 * 

13. Hence it appears that if the ratio of the motions of the. 
two bodies be as 10000 is to 7246, and that at the commene^- 

jttept of motion thev are both at the point /> they will again 

y ' ' me« 
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o / // 

meet when T has defcribed an arch of 133, 34, 05 which 
fecond meeting will evidently be double. If the value of a is 
between O and 27640, there will be three meetings pf the 
two bodies in the fame perpendicular ; but if a be greater than 
this number they can meet only once. 

14, Not only wbeg the value of a is between o aid 27640, 
but when it hath the particular value 455262 (this being the 
laft value of a which fhould be confidered, §5.,),- the bodies 
R and T will meet three times in the fame perpendicular; 
which will be evident if we confider th^t this is the distance 
the body R has run during one revolution of T in its orbit. 

Let A (fig. 25.) be the origin of the curve A m m m m> to 

which the abcifs is — \ the abciffes AP, AF t refpe&ively 
equal 27640, 455262. Now it is evident that the fin uofi ties 

of the curve are bounded by the ordinates Am, Vm, Vm j and 

jis the finuofity A mm is limited by the ordinate Am cor- 

n /// // 
jrefponding to the abcifs zz 0, fo is the finuofity mm m limited 

// // , // 

by the or<Jinate Vm correfpQnding to the abcifs AP, In this 

// y/ // 
cafe, while the part of the curve m m m begiivneth to apper- 
tain to the qudHon, the analogous part Am'm ceafcth to re- 
folve it. 

15. IF the ratio of m to n be. dill farther diftant from th^t 

of equality, the finuofity A mm (fig. 26,) will not be limited 
by the ordinate Am correfpohding to the abcifs == Qj as in 
the preceding cafe, but extendeth itfelf over 'the negative fide 
of the abcifs; which neverthelefs is one part of the curve 
Which 9hfwer£ the conditions of the queftion. In like manner 

the 
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Hi O Hi . /// /// 

{the nnuofity ototot extends ltfelf beyond the ordinate Pjw anr 

' Hi 

fwering to the laft abcifs A\r 9 and is another part of the curve 
which fatisfieth the queftion. If in this cafe we denote the 
abcifs at the origin of the curve by o 5 the laft abcifs, (being 

iH 

ithat which refults from § 5.) by a ; the two values of a de- 
termined by the equations — % + cof. 9 < — r — a = o, 



— x 360° + 1 8o° — % — cof, % — r — a q: 0, by a y *,jre- 
m 

fpeflively; and the leaft angle determined by the equation 

tif 
% = — by % 5 then will the two bodies meet three times irj the 
% m 

fam6 perpendicular when the value of a is between o and a 9 

and between a and a\ and only once when it is between 

t 11 

p and a*, 

. . 16. We 

* This is a remarkable cafe, and fhould be particularly attended to, be- 
jcaufe it is only from the fuppofition of a so that we can determine pre- 
cifely the number of real roots of the equation. For when we have dif- 
' covered by the ratio of m to n that the equation is capable of containing 
^ certain number of real roots, we only know in general that it hath effeh- 
tially this number of real roots, except two ; thefe two depending on the 
•value of a. It is neceflary then to have fome diftinguifhing character, 
whereby we can afcertain the reality of the two roots depending thereon. 
Now this characteriftic is not conflant, but changes in- that particular cafe 
when the fuppofition of a = o givetl> double roots to the equation. For 

inflance, when the value of — is between - and , the original 

n 1 2173 ' 5 

equation may have either three real roots or only one, this circumftance depend-* , 

in* on the value of a. The particular value of - == -s — — giveth the 

; *> . r ■ ■ -> . n ■ - 7246 _ 

equation two equal roots (§ 12.) in the cafe of a = o; and it is in this 
point that the chara&eriftic of a changes. When the value of — is be- 

nvecn - and r % if wt denote the two values of a determined by the 

™ ■ % 7M* ? • ' -■•-• 

equations 
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1 6. Wc (hall now fhew what muft be the ratio of » to » r that 
the equation — % + cof. « — r — $ zz q may have five real 
/roots. 

When the finuofitie^ of the curve arc fo far extended that 
the fame ordinate touches the extremities of two of them as in 
£g. 27. the curve hath then eirentially three real roots; and 

at the particular point correfponding to the abcifs Ar it hath 
five roots. At this point the curve pafleth from me effential 
real root and two other poflible ones to thru effential real 
^roots and two other poffible ones ; and to determine the par- 
ticulat condition which then taketh place, we muft obferve, 

% that the equation — % + cof. % — r — + a zz o expreffeth the 



equations — X 189 9 — x-r cof. a: — r— a = 0, «- z -f cof.* — r— « = cr, 

by a, a, refpe&ively, and by o f a 9 and z, the fame as in § 15, the bodies 

/ // 

will meet three times when a is between a and a, and only once when a is 

/ // m 

-between 9 and a> a and a. But on the contrary when the value of 

— is between ■ and , the chara#eriftics of a are different; 

n 7146 ii73 •; ' 

/ n 

for in this cafe a muft be determined by the equation s-J-'cof.a:— r— «=o$ 

and a by the equation — X 360°+ x 8o° — z — cof. #r- r ~— a =• ; whc.n 

/ // a// 

*he bodies wijl meet three times when a is between and a, a&ndrai *n4 

only once when £ is between a and g. It may perhaps appear to the 
reader, that when the characteristic of a changes, the particular values 
thereof might be determined from changing the order of thefe equations, 
that is by a' reciprocal fubititurion of one cafe fbr the other ; but front 
hence we mould find either that fome values of a were negative, or fome 
greater than thofe which refult from § 5". which therefore ought to be re- 
jected. Hence we fee the inconvenience attending fuch a procedure. 

felatiqn 
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! relation between the abcifs and ordinate at the extremity m of- 

the finuofity A mm; and the equation 

— x 360 + 180 — z — coCk — r — a = o determines the 
m 

relation between the abcifs and ordinate at the extremity of 

the finuofity m m m. Now becaufe (by the hypothelis) the 

two firaiofities have the fame tangent P m /», or rather becaufe 
they coincide at that point, we have at the fame time the tw» 
following equations, 

— % + cof. at — r — a zz. o\ 

m ' 



— x 360° + j8o° — % — cof. % — r — a si o; 
m , 

which, by equating the two values of a derived from hence^ 

give for the condition of the problem 

n "tfo°'+ 180 ~ ' ' 

- X i — --- — - **— cof.# = 02 

m, 2 w 

- n fin.% 
or, becaufe — rr — » — , 
w r 



fin. % x ■ — ■ % — r cou 2 rr «o* 

* 2 ~ ■ 

An equation depending on the quadrature of the circle. Frottf 
hence we eafily find 

' y ' if- 2173 * x 
% = arch f2, 32, 50, -* ~ ■ > ■ ,r= «*-t — , and <i =t-237k 
7 ° * m 10000 4*603 *' 

>7« Hence it appears that if the ratio of the motioh* of the 
two bodies T and R be as ioooo is to 2173* and that whea* 

the body T is at /, R is diftaftt.2371, they' will meet five 
times in the fame perpendicular. In all other circumftanca 
they ean meet only three times; 

18. We 
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1 8. We (hall now enquire what the ratio of m to n ought? 
to be, when a is fuppofed = o, that the equation 

— a + cof* a — r — a =s o may have five real roots. 
to. , 

If the ratio of m to h be yet farther diftant from that of 

w /> /// 

equality, the finuofity m m m is not limited by the ordinate 

4 i il 

P in m, but pafleth beyond it ; and there it one particular cafe 
where it touches the ordinate correfponding to the abcifs = 0. 
To determine which we mud obferve that the equation 



, - x 360 + 180 — z — cof. % — r — a ±. o,- 



m 



. Cxpreiteth the relation between the abcifs and ordinate at the 

* ; H HI it /// 

extremity Wi of the finuofity mmm (agreeable to § 16.) If 

a 
then we fuppofe that the point m in the curve hath its 

abcifs = o* we (hall have a = o in the laft equation, thereforcr 



- x 360° + 180° — » — cof. % — r = o; 



m 



but ~ = --*— s hence by fubftitution, 

m r 



360° + 180 — % x fin. % — r x r + cof. % zz o r 
an equation depending ftill on the quadrature of the circle.* 
From hence we get 

% = 12, 23, 48; 360 + 180 — % = 527^36, ia > 
» _ 2147 _ i 
w "" 10000 ""' 4-658' 

19. From whence it appears that if the ratio of (he matioiis 
bf T and R be as 10000 to 2147, and that they both begin 

to move ?t the fame time from the point /, they will firft b4 

is* 



1 
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I in the fame. perpendicular at the commencement of motion, a 

fecond and third time when T hath defcribed two certain 
arches, and a fourth time when it hath defcribed ah arch df 

5*7, 36, 12, from the point /, and this laft meeting will be 

double. If the value of a be contained between 6 and 2341, 
i * n « 

determined by the equation — % + cof. s& — r — = 0, 

1 tliere will be five meetings of the two bodies in the faine per- 

pendicular^ but if a be greater than this laft number they can 
- meet only three times. But befide the above limit for a, the 
particular value ^4920 giveth yet five meetings of the bodies 
in the fame perpendicular; this being the diftance run by R 
during one revolution of T in its orbit, agreeable to what has 
been already obferved in § 5. Let A (fig. 28.) be the origin 
of the curve, to which the correfpondent abcifs is = 6, and 

the abciffes AP, A?, refpeftively equal to 2314 and 134920. 
Here then it is evident 'that, the finuofities of the curve are 

bounded by the ordinates Am, Pm, Ym\ and in the fame man* 

ptt as the finuofity m m m is limited by the ordinate Am of 

which the abcifs is 0, fo is thefinupfity m m m limited by the 

! ordinate Vm of which the abfeifs A is 134920. This is then, 

I the cafe where the part of the curve m m m beginneth to an- 

fwer the queftion confidered aftronomically, while the ana- 

! logous part of the curve m m m ceafeth to tefolve it. 

ac. If the ratio of m to n continueth. to be ftill farther re-, 
moved from the ratio of equality, the finuofity of the curve 

// // 
mmm will then not be limited by the ordinate Am corre- 
sponding to the abcifs == o, but will extend itfelf over the 
i negative fide of the abcif?, as we have before obferved In § 1$, 

an^ 



j 
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and in a fimilar manner will tbc finuofity m mm extend itfelf 

beyond the ordinate Pm correfponding # to the laft abcifs A P. 
If in this cafe we denote the firft abcifs by o j the laft abcifs 

'in 
derived from §5, by a j the two values of h refpe&ively de- 
termined by the equations — % + cof. % — r — a — o," 



t n 



- X a X 366°+ 180 — * 7*- cof«s -^ r — a n p, by 0, * • 
si 

and the leaft angle deduced from the equation * == — by z ; 

the two bodies will meet five times when a is between o and a, 

# and a j but will meet only three times when it is between 

4 and a. If the value a be comprized between — — and -i 

2173 2147 

and if a, a, refpeftively refrcfent the two valued of a de- 



termined by the equations 



— X 360 +" 180 — % — cof- z — ' r — a zz O. 
m J 

— z + cof. z — r — a = o, the bodies R and T will meet 
to . 

but three times when a is between o and ti> a and a\ arid 

five timed when between a and a. 

a 1. If we wctald inveftigate the ratio of m to *, fo thattHe 
original equation might have feven real roots,* we fhould fintf 
for the condition of the problem 

r 2x360+ 180^ ; . .. , 

fin-ss x ■ ■ y > t ■ ■ ■ — % — t cof. » = o ; 
from Whence We may eafily find % = arch 7, 22, 31 * 



« 1284 1 ,. 

- = — - f- ;= ; a = 788!. 

m 10000 779* 



And 



r 
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And in the fame manner we might proceed to determine the 
ratio of m to n y fo that the original equation Would be fuf- 
ccptible of any affigned number of real roots. 

22. We fhall now exhibit in a general manner, how to de-- 
termine in all Cftfes the number of *eal roots of the original 
equation* 

Write down in the following order the equations which 
have been deduced in the preceding Articles^ 

I. — - % + cof; % — r — «roj 
r 

fin. % —t-z — *- # r 

r 

3. r£l* x 3 6o°+ 180 — * — cof.»— • r — a = 0; 



fin. 2 



4. nx 360°+ ifro° — 2 — cof. % — r — :£ b* 



fin. t 



5. — ^— x 3 X 366°+ 180° — % — cof.% — r-^-tf rr bj 



r 
6. -i— x 4 X 366 + i86° — * — cofi % — r^tt = G| 

Thefe fliew tne relation betwech the abcifs and ordinate 

* correfponding to the extreme points of the different finuofitiei 

of the curve. And if we fuppofc % to reprefent the leaft angle 

... . . fin.% n . ' 

determined by the equation = -, we haVe feen that 

the <ompari(bn of the fitft and fecond equations fheweth the 
circumAance when the cafe propofed hath one real root aftd 
beginneth to have thre e ; and the equation to effe& this is, 

r l8o ° r 

fin. % x — »• -n^r cof. % =r 6. 
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The comparifon of the firft and third equations giveth the 
circumftance when the cafe propofed hath effentially three real 
roots and, beginneth to have five; the condition of which is, 



- 36c J + i8o J 
fin.z X 



— z — r cof. z 



The co:r.par:fon of the firft and fourth equations determined* 
like wife ;*he circumftance when the cafe propofed hath eflen- 
tially five real roots, ^nd beginneth to have /even ; and the 
condition of this is 



. • 2x?6o°-i t8o° 

im* z x 1 -— % — r cof. z zz o» 



And as the analogy is eftabliftjed, it is evident that if we put 
y zz the number of real roots the equation can have, we may 
eafily determine the circumftance when the equation propofed 
beginneth to have this number of real roots, by the general 
ex preffion, 

f — 2 

fin. z x x 180 — z — r cof. zro. 

2 

We may likewife determine the circumftance when the equation 
hath ejfintially > real roots, by the expreflion 

fin.zx - X 180 — * — / cof. z zz o. 

2 

In all theie cafes the correfponding value of — is given from 
\ m 

n fin. z 

the equations — zz - . 

m r 

23. From henee it would be no difficult matter to form a 

. table, which fhould (hew by infpeftion from the value of *-, 

I m 

what number of real roots the equation contains. Nov* in 
I order to afcertain this matter truly, we muft have regard to the 

| value 
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'Value of a 9 fincc two of the robots depend thereon. But it has 
been already fllewn that when one value of is denoted by o, the 

/// 
value of a determined by § 5. by a, and iny two intermediate 

y H i ft w 

values of a by a, a\ the combinations of the values <?, a^a y a, 
Vfill dearly exhibit the nature of all the root3 of tht equation. 
In the cafe, for example, where the equation hath' effentially 

/ // « 
cne real root, and may have three real ones, the values of a, a> 

have been given by two of the three equations of § 22, that is 

by the equations (1) and (2) iii one circumftance, and by the 

^equations (1) and (3) in another circumftance j for the 

equation (1) always holds good, but the equations (2) and (3^ 

cannot both hold good at the fame tirne. We have, feen alfo 

when the equation hath effentiaily three real roots, and may 

have five real ones, that the values of a, a, have been given 
from two of the three equations (1), (3), (4), § 22, that is 
by the equations (3) and (1) in one circumftance, and by 
the equations (i) and (4) in another circumftance; the 
equation ( 1) always obtaining, while the equations (3) and (4) 
cannot both obtain at the fame. As the analogy is then evi- 
dent, we may conclude, that if > reprefents the number of real 
roots the proj>ofed equation may contain, as before, the follow- 

• - / // 

ing equation will determine the values of a' 9 a, 

I. ■■■ + col. % — r — a rr o* 

r 

and the only uncertainty remaining is, .which of the two fol- 
lowing equations we muft make ufe of, 



2. 


fin.% 
r 

fin. % 
r 


X r 


— 2 X 


180 - 


• Z 


3- 


X » 


x 180 


£ — 


• cof. % 










N* 





— cof.z — r — a zn 05 



a zz o; 

in 
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in which equations we muft remember that % is determined by 

nn# z n . . if..'., -. 

the equation — — =: - , and that — is given in the queftion. 

24. This laft difficulty may be eafily obviated; for fince the 

" equations (2) and (3) §23. cannot both obtain at the fame 

time, if the equation (2) for inftance, be that which we ought 

to ufe, the equation (3) will give effentially a value of a 

greater than a ; but if the equation (3) be that we flioukt 
make ufe of, the equation (2) will give a value of a lefs 
than o. We fhould then immediately try the equation (2), 
and if it give a value of a greater than o, this is the value we 

have denoted by a % and the equation (1) will give a. If oft 
the contrary the equation (2) giveth a value of a lefs than o, 

it ra of no ufe, and the equation (1) will determine a, as the 

equation (3) will give a. 

In the fij-ft cafe the propofed equation will, have » — 2 reaL 

/ // /// 
roots when the value of a is between and a, a arid a; and 

s a 

1 real roots when a is between a and a. In the fecond cafe, 

the equation will have > real roots, when a is between and a y 

it tit 4 4 

a and a ; and > — 2 real roots, when a is between a and a. 

26. The table we have before mentioned for determining 
the number of real roots in the equation from the values of — r 
may be conveniently drawn up in the following form. 



* 

- c - 1 



1 
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5^ 






n 

m 



n 
m 



l 

4-603 

T 
7791 



If 

m 



1 

1 • 

I The equation hath eflentially one real root, 
and can have no mbrc x whatever the value 
of a is. 

One effential real root, and may have three* 
-according to the different values of *• 



►Three effential real roots, and may have (ive 
according to the different values of *• 



Five eflential real roots, and may have feven, 
by thq different values of *, 



10-95 1 



"And in the fame manner may the table be continued, as far 
»s we pleafe, by means of the equations of § 22. 

The application of the folution of this problem to deter- 
mining the times of the appearance and difappearance of fa- 
turn's ring, wilt be obvious to any one who has attentively 
confidered the fubjetftj thofe who have not, will not think 
their time ill fpent in perufing M. Du Sejoui's curious treadle, 
from .whence J have before- obferved this folution fcf chiefly 

extracted. The requifites for the application, as dedoced 

from M. De le Lande's Aftrqnomy, are as follow, 

Mean diftance of the earth from the fun * - - 1 00000. 

Mean diftance of faturn from 4he fun - * * - 9S3937 # 

Syderial revolution of the earth - - •• - 365% 6 h , 9'. 

&yd4rial revolution of faturp - - * • 10761,1^37. 

N3 Time 
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Time of the plane pf the ring paffingl ' ~ gtI , 

through the fun, ' J 774> J * * 

The earth's place in its orbit at that time, - 3 s , 18 , 23, 6> 

Longitude of the afcending node of faturn's orbit 3, 2 1, 43, 1 7. 

Longitude of the node of the ring - - - 5, r7, 5 ? o. 

Inclination of the ring to the ecliptic - - - 31% 20, O, 

Inclination of fajurn's orbit to the ecliptic - - 2, 30, 20. 

Longitude of thofe points of the earth's "1 • 

12, 17, 5, o* 
orbit which the plane of the ring > 

touches when produced^ J > /> S» ^ 



*$ome new Geometrical Proportions, which will he often 
found ufeful in the folutions of Problems. 

Proportion I. Theorem. Fig. 29. 

If from the middle pf the chord of a given fegment of 4 
circle ADB, a perpendicular be drawn to D^ and AD pro? 
duced to E, fo that DE be equal to AD, and through E 
another,, fegnjefn* be defcribed on \AB ; then, if a line be drawn 
frorn, the end of the chord, as AF, the part intercepted be- 
tween the two peripheries GF will be always equal to GB« 
_, — F 9 r;DB,is evidently = DE; and AFB is = AEB t 
f alfo AGB => ADB (Euc.ai. 3.} therefore EDB == FGB, 
an4 the t trfangles JJDE, BQF are- fimUar^ confeqijently 

;»e-==fiF,'.-'.. ' •. • " . ' '._, ;* 

< Propofition II. Problem. 

.- -iFhetfame canftru&on being- made as in the laft propofition, 
.it \s -re/juiced 4b to draw the tyne AF, that either the fura, 
.difference,- ratio, .je&angle, fum of the fquares, or difference 
of the fqjiarss.of AG and.GF, may be of a given magnitude, 

...i-" u ; - " ;* • Fo? 
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For 'the Sunu -With diftance AF zr the given fum 

defcribe an arch to cut the periphery of the greater fegment in 
F, and join A, F; and AG + GF will be =r the given fum ; 

This is evident ; as alfo t}ie limitation, that the given fum 

tnuft not be greater than aAD, nor lefs than AB. 

The Difference. -With diftance AL =r the given dif- 
ference of AG, GF, defcribe an arch a b; and on AD de- 
scribe the fegment of a circle containing an angle equal to the 
fup. of DAB, (Euc. 33- 3.) and through the interferon L 
draw ALF 5 fo will AG — GF =• AL the given difference. 

For fince AL is equal the given difference per con. GF 

will be equal GL ; but.GF == GB per con. therefore GL- 
= GB; hence ALB = LGB -f GBL (Euc. 32. 1) = 

AE)B + DBA '= fup. of DAB. The limitation is evident, 

the given difference muil not be greater than the diameter 

of the leffer circle. 

The Ratio. Divide AB in the given ratio of AG to 

GF in O, complete the circle ADB (Euc. 25. 3-}> and produce 
DC to P ; then through O draw PG, and through G draw AF ; 

and" AG will be to GF in the given ratio. For fi nee the 

arches A£, BP, are equal, the angle AGB is bifecled by GP 
(Euc. 27. 3.) and therefore as AO : OB :: AG : GB :: AG : GF, 
per Euc. 3, 6. and conduction. 

The fame may be effected independent of the property of 
• the circle, — Having divided AB in the given ratio in O, in 
any angle draw the indefinite line AH, and take AH to HI 
alfo in the given ratio; join IO, parallel to which draw HK, 
and from center K and diftance KO defcribe the arch OG; 
then draw AGF, and AF will be divided in the given ratio 
in G.— For by conftruaion AH : IH :: AO : OB, and be- 
<*ufc of the parallels IO, HK, AH : HI :: #A : N KO* 

N 4 .-.KA 
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,% KA : KO :: AO : OB, and by alternation and divifion 
KA:KA-AO::KO:KO-OB, that is KA:KO::KO:KB, 
or KA : KG :: KG : KB; hence the triangles AKG, GKB 
are funilar (Euc. 6. 6.) and the other fides will be proportional, 
or AG : GB<:: AK : KG (KO) ;: AH : HI, which are in the 
given ratio by conftru&ion. 

The Re&angje.— — — Let M reprcfent the.fidc of a fquar$ 
$qual to the given re dangle (Euc. 14. 2.). Find the centra 
of the leffer circle V (Euc. 25. 3.) and on AB produced take 
AK equal to the diameter thereof; make the riormal KT a 
third proportional to AK and M, and draw TG || to AK ; 
then through G draw AG F, and AG x GF will be equal M*. 
-. — For through the center V draw GS, join SB, and demit* 
the J. GR; then are the triangles AGR, SGB fimilar (Euc. 21. 
31. 3.) and AG:GR :: SG:GB, hence AG xGB=GR xSCfc 
but AK = SG per con. and'TK =: GR, .\ AG x GB n 

AG x GF = AK x TK =: M*yer conftru&ion. Limitation. • 

M* muft not exceed AD x DE, or the fquare of the femi- 
diameter of the greater circle. 

The Sum of the Squares. : — Let 2M 1 exprefs the fum 

' of the fquares, and take CQ! = M* — AC* ; with diftance 
CQ_ and center C defcribe the arch QG, and through G 
draw AF, and AG* + GF* will equal 2M*.— For AQ*. = 
QC* + AC* (Euc. 47. 1.) an^ AC£ + QB* = 2AQI == 
2QC* + 2AC 2 ; aifoAG* + GB* = 
AC 2 + CG* + 2AC x CR + AC* + CG* — 2 AC x CR 
{Euc. 1 3. 13. 2.) = 2 AC 2 + 2CG Z j but CG = CQper con. 
therefore A<3* + GB* = AG 2 + GF* = 2 AQ! = 2CQI+ 2 AC* 

raM 1 per conftruflion. -Limitation. M* muft not bs 

greater than AC 2 + CD% nor lefs than |AB\ 



r 
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. .'The; Dcjl*: -n:c€ of llie Squares, ■ ■■■■■■ - L et M* ~ the given 
f^flr/veuce J uc i'qua»es, and take CR ? to half a third pro* 
p orr -ciiaJ to \B and M ; then draw RG J- to AB and through 
the iaterfcai m G draw AF ; fo will AG * — GF = M\ 
: For AG 1 — GB* is ;= AfeL* + GR> — BfL z + GR* 



(Euc. 47 i.) = AR — BR* s= AR + RB-x AR — RB 
{Euc. 5. 2.) = (becaufe AR evidently exceeds RB by 2CR) 
AB x 2CR =-M* per co«ftru<Stion.— — limitation. M muft 
not exceed AB. 

' « Proportion III. Theorem. Fig. 30. 

If thp bafe of a triangle ABC he produced both ways to 
P and E, fo that CE = CB, and AD = AB ; and the cents* 
pf a cirelp F be found to pafs through the points D, B, E, 
{Euc. 5. 4.) and B^F be joined, the angle ABC will be bife&ed 
by BF.— — For join BD, BE, FA, FD and FE, then is 
AC$ = CBE.+ EEC =m*BEC (by con. and Euc. 32. 1.) 
r=-BFD (ruic.20. 3.), and in like manner BAC = BFE; 
fance ABC = ERF + DEF = 2 FDA; and becaufe the 
triangles BAF, DAF are -evidently equal and fimilar, ABF s 
FDA == i ABC, thpdore ABC is bifeaed by BF ? 

Proportion IV. Problem. Fig. 31. 

There is given DC the diftanoe of the indefinite line .AB 
ih>m the center of the given circle IFE; it is required fo t* 
flraw a line through I, that the pact intercepted between AB 
and the concave periphery of the circle may be of a given 
length. 

On IE produced (if neceflary) take IP equal to the give^ 

Jine, on \yhich defer Lb e the femicircle IOP* Make IS a mean 

proportional between CI and IE, and X to CE ; draw SO || to 

jSE, ana 1 from I apply 1L =^§Q, which grpducc to F, ana" 

'" ' LF 
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LF will be equal the given line. For demit the norma! 

OT, and join F, E. Then becaufe ICL, IFE are right 
angles, and CIL = FIE (Euc.' 15. 1.) the triangles ICL, 
JFE are fimilar j therefore CI : IF :: LI : IE, hence CI x IE 
== LI,x IF ; but SP = CI x IE per con. alfo IP = the given 
Jine ^rcon, .% IT x TP = TO 1 (Euc. 13. 6.) = SP =3 
LI X IF 5 and LI =1 IT ( = CO) per con. confequently IF ~ 
TP* apd.LF = IP the given Mnsper conftru&ion, • 

Piopofition V. Theorem. Fig. 3a. 

If two circles ACD, FDG touch, each other, and another 
circle be any where defcribed cutting both the former circles, 
as in the points A, C, G, F, the chords AC, FG being pro- 
duced will meet the tangent drawn from the point of contaft 

D in\hefame point B. For in the circle ACGF, ABxBC 

* zFB xBG; and in the circle ACD, AB X BC = BD*; 
alfo in the circle FDG, FB X BG = BD* (Euc; 36. 3.) hence 
DB is a common tangent to both circles, and consequently the 
lines A3, DB, FB meet in the fame point B. 

, The converfe. of this is alfo true. That if two lines be 

any how drawn from a point B to cut a circle ACGF in 
C, A, G, F j and upon one of the chords as GF a circle be 
defcribed FDG, and from the point B a tangent BD" be drawn 
to this circle 5 then, if on ED produced the center of a circle 
be taken* to ,pafs through the points A and 0, it will alfo pafs 
through the point D, or touch the circle FDG in D.— For 
EDB is a right angle (Euc. 18. 3.) and therefore MDB is a 
. right angle ; and becaufe DM paiVes through the center of the 
circle M, and BD is drawn from a point B on a line AB cut- 
ting this circle, and moreover that AB x BC = FB X BG = 
BD\ the line BD touches the circle M in D (Euc. 18. 38. 3.) 
-confequently the circle ACD touches the circle FDG in D, 

PfopQ- 
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Propofition VI. Problem. Fig. 33. 

It is required to find the center of a circle on a line AC 
given in pofition, which {hall pafs through a given point on 
that line, and touch a circle given in magnitude and pofition. 

From the given point A to the center of the given circle 
draw AB, make BF |[ to AC, and join A, F; then through. 
E draw BC, and Cwill be the center of the required circle. 
■ — —For FEB = CEA, and becaufc of parallels EBF •== 
ACE, or EFB == CAE, hence the triangles EBF, ACE ate 
funilar; but BE = BF, therefore CA = QE. 

Propofition VII. Problem. 

The fame things being fuppofed as in the laft propofition, 
it is required to find the center of the circle when the given 
point A is not in the line AG. 

The conftruftion is immediately deduced from propofition V # 
For if HI (Fig. 32.) be the line given in pofitiort, C the given 
.point, and FDG the circle given in magnitude and pofition,* 
jt is obvious, that if on the X CA, LA be made zr CL, and 
a circle be defcribed to pafs through A, C, . and cut the given 
circle as in F, 6, the lines AC, FG being produced, and a 
tangent drawn to the given circle from their interfe&ion B, 
£D being produced till it meets HI, will give the center of 
a ircle M which will pafs through C and touch. the circle 
G^F. 

Propofition VIII. Problem. 

To find the center of a circle to pafs through two given 
points, and cut off from a circle. given in magnitude and po« 
jfition a given arc!}. 

Ut 
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Let P, K be the two given points, (Fig, 32.) OGQ^the 
given circle, an.d OQ_the given arch. From N the center 
of the given circle defcribe an arch to touch OQj and through 
P, K defcribe a circle cutting the given one in A, C ; then 
produce AC, PK till they meet, in B, from whence draw the 
tangent BF ; and the points P, K, G, and F, will be in the 
periphery of the fame circle, and which wiH cut off from the 

given circle the arch GF zz the afligned one.-; The deinaa* 

ftratiop is the fame as in Proppficion V* 

Proportion IX. Problem. Fig. 34. 

To find the center of a circle on a fine given in pofition in 
refpeft to a given circle, which may cut off from the given 
circle an afligned arch. 

Let HI be the line given in pofition, and FGD the given 
circle. In any direftion draw EP^ and from T tp F and G 
fet off half the given arch ; then will a circle defcribed from 
P witi* diftaace PP or PG evidently cut off from the given 
4ci*dk an an;h equal to that afligned*— This proportion is 
jtftfiouted ; but is inferted on account of its frequent ufe in 
geometrical coaftruftiont. 

Propofition X. Problem. 

. The fame things being fuppofed as in the laft propofition, 
it is requited to find (he pofition of the center P when the 
circle is refolded to a given magnitude. 

From the former given circle cut off DL =r to the afligned 
arch.; and perpqodiculw to. the chord J)L draw the indefinite 
line EKj to which from the point D or L apply DK = the 
femidiameter of the other given circle P; then from E to the 
line HI apply EP = EK, and P wilUvidently be the pofition 
of the center as required.*—— A demonftratipn is needlefs. 

- From 



r 



PROPOSITIONS. ios 

JFr«m thefe few propofitions may a great variety of Geome- 
trical Problems be conftru&ed, among which are the following 
ones in Burrow's Ladies' and Gentkmens' Diary for 1777 *. 

Queft. 2. ■ T he Data are reducible to this form, — — * 
The bale, the vert, angle, and the redangle of the fides. 
For fuppofe AElG the required triangle (Pig. 35.) ED X to 
AC, and EB = EC; thefc arc given AB, and ECA-* EAC 

(=: AEB) ; alfo m : n :: EC (EB) : — , and AE x — 5? 

m m 

MN a given refiangle $ therefore AE x EB rr — k MN, a 

71 

given quantity. Hence this conftru&ion,— — On AB 

the given difference of the fegments of the bafe, dc- 
fcribe a fegment of * circle containing an angle equal 
to the given difference of the angles at the bafe, and by 
Proportion III. find the point E fo, that AE x EB ftiay be 

equal to the given rcftanglfe — x MN; then on AB produced 

demit the j>erpend/ ED, and make EC = EB; fo will AEC 
be the required triangle.— Which is too evident to need any 
farther demonftration. % 

Limitation. - x MN muft not exceed AB X BL 
n 

Queft. 4.— From the end* of the given bafe AB (fig .35.) 
draw BI equal thereto, making the angle ABI equal W the 
given one formed by the line drawn from the vertex to the 
bafe in D, and join A, I. From B with diftance BE equal 

♦ Thefe propofitions were drawn up in 177$* which wap before tfia 
commencement of Burrow's Diary; and before I had feen the Rev. Mr. 
Lawfon's Difertation on the Geometrical Analyfis of the anlitnts, wherein I 
find we have both fallen upon the fame method of conitht£ting the 3* cafe 
of prop. II. being in effect the fame with the 155 prop* of PappuVa 
7* Book.7-— This I thought proper to mention, in. order to prevent if 
poiTibk, that too juft charge againft moft modern wrjtetj-— flofiarijm^ 

the 
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the given difference of the fides defcribe the circle EF; and 
by Prop. VI. draw BC fo, that CE may be = CA ; and ACS 

will be the required triangle. For from ' the propofitiofi 

BE — CB — AC which is equal the given difference by con, 
and becaufe the angle ABI is equal that given in the queft. 
by con. and CD || to BI (which is.zz BA) AD is evidently 
equal DC. * 

Remark. This queftion feems to be improperly expreffed, 
fince from"' the other data the lines AD, DC admit of art 
equality ; therefore they ftiould either have been reftri£ted Co 
that, or to a given fuin or difference, 

Queft. 10. — —On AB the given intercepted line (Fig. 36.) 
defcribe a circle fuch, that the fegment BAC may contain the 
given angle (Euc. 33. 3.)} bife& AB in O, to which make 
OD perpendicular and equal the femidiameter of the given 
circle. Through D draw the indefinite line ML [| to AB ; 
and by Prop. IV. through F draw EC = to the given diftance 
in the queftion. Then complete the figure by drawing CAL, 
CBM ; and from E with diftance DO defcribing the circle PH, 
and the thing is done. For AB is equal the given inter- 
cepted line, and ACB the given angle per con. and fince AB 
is bife&ed by the j. OD, the arches AF, BF are equal (Euc. 
30. 3.) and therefore ACB is bifefled by CE (Euc. 27* 3.) 
which is equal the given diftance per conftru&ion ; and becaufe 
DO, is equal the femidiameter of the given circle, and DM || to 
AB, a circle defcribed from center E and diftance DO 

touches the line AB in P. The min. limitation for AB in 

the data is obvioufly RS ; but the max. is unlimited, for when 
AB becomes parallel to CL or CM it is infinite. Alfo from 
the conftru&jon it appears that EC muft not be greater than 
DQj which are alfo both given. 

After the fame manner may one particular caft of Queft. 5. 
be conftrii&ed.— — When B AO is a right angle ; for then 

NR 
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NR is given, being equal the diameter of the tetter circle. 

Or it may be conftrucled thus. From any point Q^on the 

indefinite line NR ^Fig. 37.) with the given diftance QA 
defcribe the circle NAR and make QP -L to NKj 00 NR de- 
scribe the ^circular fegment NFR as in Prop. I. to which 
t apply &F cz 2CD — NR. Then on AQ_<fcfc«be the circle 
QT, and through P draw AD zz the given diftance, and pro* 
duce indefinitely AR, AN ; laftly, from center D and diftance 
equal the femidiameter of the given circle defcribe the arch 
BC, and it will touch the lines AB, AC, and NR. Therefore 
a tangent NR is drawn to the given circle D, cutting the 
other given circle in Q_, and NQ_ is zz QR. The reafon 

of which is obvious from the conftruftion. It is 0b- 

fervable that this queftion as it ftands in the Diary may be 

more elegantly expreffed The perimeter, the line bifefting 

the bafe, andvthe vetft. angle being giveri, to conftruft the 
triangle 3 — which has never yet been done, if* we may rely on 

the generality of Lawfon's Synopfis. It may however be 

effe&ed in a 'manner almoft fimilar with the laft conftru&ion, 
and ftriftly geometrical. — For making BAC zz the given vert, 
.angle, AB zz AC zz half the fum.of the fides, and drawipg 
the indefinite line AD to bife& the ang. BAD, if we bifeft 
AB in S, draw HI ± to AD, and take SK a fourth pro- 
portional to AS — HI , AH<» AS, and AS, then will QN be 

always a fourth proportional to KS, AS, and KS — AQ/> AS. 
Confequently QN is given, and therefore if on NR zz 2QW 
we defcribe the fegment of a circle containing the given vert, 
angle, and from Q^apply QA zz the given line bife£iog the 
bafe, or find the point F as in prop. I. (NF being now known) 
and join AN, AR, then will ANR be the required triangle. 
The demonftration whereof may be eafily deduced from the 
preceding proportions ; and the limitations in the data are evi- 
dent from the above analogies.. 

■ « * 
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As this bock, from its profefled dcfign, wiH naturally fall 
into the hands of thofe who are not much read in the mathe- 
matics, I fuppofe it will not be unacceptable to fuch to have a 
catalogue of thofe books that are generally efteemed the beft 
•n the fubjeA, and which, it may reafonably be expe&ed, 
with affiduity and perfeverance, will foon make them proficient* 
in the Mathematical Sciences. , 

A feleft Catalogue of Books, in Arithmetic, Mathe- 
matics, Aftronomy, and Philofophy. Which are ranged 
in the Order they may be read by the young Student 
to the moft Advantage. 



Suhjefl;. 

Arithmetic. 
Th« Tutors Guide, 



The Pr&aical Arith-r 
nietician. 



The Schoolmafter's 
Guide. 



Vulgar and Decimal 
Arithmetic. 

ANewSyftemof A- 
rithmetic. - Theo- 
rical and Pra&ical. 



Author. Edition. Lohdoa 

Pried. 



Mr. Charles Vyfe, ad. 1772 
Teacher of the Ma- 
thematics. 



Mr. Robert Tyrrell 
Heath. The Pal- 
ladiumAuthor,jun. 



»774 



3* 



3* 



Mr. Charles Hutton, 3d. 177 1 as* 6d. 
now Profeflbr of 
Mathematics in the 
Royal Military A- 
cademy at Wool- 
wich, and F»R.S. 

Mr. Benjamin Donn. ad. 1764 6*+ 



Alexander Malcolm, 
M. A. Teacher of 
the Mathematics. 



1730 



I2t. 



Subjed* 
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CATALOGUE* 
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. Gtometrj* 

A Royal Road to Geo- 
metry ..In twoParts. 

. J.Pra#i^Geome- 
try with Applica- 
tions. II. Elements 
ofGeoractryabridg- 

•" ed. 

Elements of Geome- 
try . With the Max- 
ima and Minima of 
Geometrical Quan- 
tities, and t^e Con- 
ftru£Hon of a great 
Variety of Geome 
trical Problems. 

*TheElements6f Geo- 
metry. With a Col - 
le&ion of ufeful 
Geometrical Pro- 
blems. 

The Elements of Eu- 
clid. A^theData, 
and Elements of 
Plain and Spherical 
Trigonometry. 



Author. 



Thomas Maltoft, 



Edition. London 
Prices* 



I774 I0ft« 6d. 
fewed* 



Thomas Simpfdn, jd. 1 7$$ 
F.R.S. and Mem- 
ber of the Itoyal 
Academy of Sci- 
ences at Stockholm* 



$L. 



Mr. Emcrfort. 



n 6 t 



Trigonometry. 

Trigonometry, Plane, 
and Spherical. 

/Btel»ents of Trigo- 
nometry, Plane and 
Spherical, 



Robert Simfon, M.D. 4*. 
Emeritus Profeflbr 
of Mathematics in 
the Univcrfity of 
Glafgow* 



1772 



6s. 



Thomas Simpfdn, *d. ij6| 1* 6d. 



Mr. B. Martin. 



12S. 

a Vol. 



Subje£t 
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Sutyea. 

The Elements of Tri 
gonometry, Plane 
. and Spherical. 

A new and complete 
Treatife of Spheri- 
cal Trigonometry* 
With acomprehen- 
live Theory of the 
Fluxions of Spheri- 
cal Triangles. 

Algibra. 

Seleft Parts of Profef- 
for Saunderfon's E- 
lements of Algebra. 

A Treatife of Algebra, 
With the Geome- 
trical Conftruftion 
of a great number 
of linear and plane 
Problems. 



Author. Edition. London 

Prices. 

Mr. Emcrfon. ad. 1764 p. 6d. 



Tranflated from the 
French of Mr. 
Mauduit; by W, 
Crackelt. . 



1768 



S* 



ad. 1 761 6s. 



Thomas Simpfon, *d. 1768 <«• 

F.R.S. * 



>ra, 



A Treatife of Algebra 
With a great Va- 
riety of Problems 
in the moft impor- 
tant Branches'of the 
Mathematics, 



Fluxions. 

Anlntrodu&ion totlie 
Do&rine of Flux- 
ions. 



Mr. Emerfon. 



1764 6s« 



John Rowe. 



3d. 1767 4s. 6d. 

Subjaftw 
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Subject 

TheJDo&rineofFlux 
' ions ; not only ex< 
plaining the Ele- 
ments thereof, but 
alfo itsUfe Wid Ap- 
plication in the fe- 
veral Parts of the 
Mathematics. 

ThcDo&rineandAp 
plication of Flirx- 
ions. Containing a 
Number of newlm 
provements in the 
Theory. And the 
Solutions of a Va- 

. riety of new, and 
veryintereftingPro- 
blems, in different 
Branches of the 
Mathematics* 

Philofophy. 

Philofophia Britannia 
- ca. 

-Leftures on fele£t 
Subjects. 

PHILOSOPHI-E NA.TUt 

ralis princifia 
Mathematica. 

Jjfronomy. 

An Eafy Introduction 
to Aftronomy. 



Author. 



Edition* 



London 
Prices* 



Mr.£merfon. 3d. 1768 7s. 6d. 



Thomas 
F.R.S. 



Simpfbn. JL750 



2 Vol. 



Mr. B. Martin. 



1747 



Tames Fergufon, ad. 1770 
F.R.S. 

Auaore ISAACO^i Various 
NEWTONO, > Ed. Lat, 
Ei^JITE Aurato. J & Eng. 1 



James Fergufon, 3d* 177a 
F.R.S. 

©V 



t28 m 
2V0U 

7s. 6d# 
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Subjeft. J Author. Edition. London 

Aftropomy explained 
upchvSirllaacNew- 
tofc's Principles. - 



Prices. 

James Fergufon, jf^ 1732 i8s.4ttn 
F.R.S. 9s. 8vo. 



Mr. Emerfon. 1769 6s# 



A Syftem of Aftrono 
my, containing the 

, Inveftigation and 
Demdnitratian ofl 
the Elements of that I 
j5cience t 1 



Other. Writers of Eminence in the feveral Branches of 
the Mathematics, &c* are as follow : 

Arithmetics Chapman, Cocfcin, Dilworth*, Ewing* Eadon, 
Fifiier, Hardy, Hill, Hayes, Kirby, I,otre, Pardon, Perry*, 
Sadler, Scott, Thompfon," Ward, Welch, and Wilfon. 

Algebra. Afhby, Hammond*, Kerfey, Martin*, Ronayne, 
Wailis, Weft, and Wolfius. 

Architecture. r Emerfon, Gibbs, Hutton, Salmon, and Langley* 
The Italian Authors are, Vincenzp, Scamozzi, Pier Cata* 
neo,. Andrea Pailadio, and Bafti&no Serlio, An<j in French^ 
JLe Clerc, and Davilpr. 

JJironomy. Dunn, Gregory, Heath*, Harris, HaHey, Keilf, 
Lead better, Long*, and Whifton. The Aftronomical Tables 
af'^moft *ott ard, HalleyV 4to. 175^. 1 8s. Fergulbn's 
8yo. 2s. 6d. Mayer's 4to. 1770. 139. fewed. Clairaut's 
£vo. 1765. 3s. fewed. The Durham Tables, 4to 1766, 
' * i«s. 6d.^Ho^:ds^ . ' 
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Bni-heping. Cook*, Everard, Gordon, fitftoii* Mair 5 Perry, 
Quin, Roofe*, and Webfter*. 

Chancts and Annuities Buffbn, Clark*, Dc Moivre*, Du Pre t 
Emerfon, Halley, Price, arid Simpfon. 

Chronology. Blair, Emerfon, Fergufon, Pu Frcfnoy, Marshall, 
Nxwton, Strauchius, and Wtoiftort, 

Comes. De l'Hofpital, De la Hire, Pe Wk, Eflaerfon V Ha-, 
miton, Jacl**, Muller, Milne^ Mydefgius* Ozanam, Simp- 
fon, Vivani, Vipcentio* Ward, and Wallis, 

Decimals. Cunq, H. Clarke, Drape, Martin, ^obertfon, and 
Wilfon, n0 

dialling) Emerfon*, Fergufon, Leadbetter, Leybourn, Mar- 
tin*, and Potter. 

Ekftricity. Franklin* Freke, Fergufon, Hoadly, Lovett, 
Martin, Prieftly*, Watfon, WdleyVand WHfon. 

Fluxions. Ditton, Hayes, Maclaurin*, Muller, Sanderfbn, 
and Stone t 

Fortification. Eijierfon, Muller*, Pleydell*, and Vauban. 

Gauging. Clark*, Emerfon, Leadbetter, Mofs, Overley, 
Shirtcliffc, Symons*, and Turner. 

Geography. Emerfon, Fenning, Guthrie*, Jones*, Salmon, 
Varenius, and Wells* 

Geometry. Anderfon, Cunn, Donn*, D'Omerique, Fletcher, 
Gregory, Ghetaldus, Herigon, Kf ill, Lawfonf, a«d Rudd, 

+ The Rev. Mr. Lawfon, Re&or of Swanicombe in Kent, who, among 
fas other works, has puollihed a moil ufeful performance tbj the cxercife 
of young Geometricians, intitletj, A Diff&rutioi* on the Geometrical 
^nalyfis of the Antients. 1774. is. 6el. fewtd, 

. • Gu?ner*> } 



f 



%i4 A S E L £ C T 

G*nnety. Etoerfon, Gray, HolKday, Robcrtfon, Robins, zxd 
Simpforu 

Mtnfutatom. Fletcher Hawney, Hutton*, ^and Rotertfon. 

Mechanics, feolerfim*, Fergufon, Fletcher, Watt*, and Wells* 

Mujic> the Mathematical Principles ef> ' Emerfon*, Hel&am* 
and Martin. 

• -As, < 

Navigations Atkinfon, Crofsby, Emerfon, Hfcrria, Martin, 
MaikelyneV Patau*, Robcrtfon*, Henry Wilfon, and 
William Wilfon*. 

Optics. Baker, Emerfon, Jurin, Martin, Newton, and Smith. 

Perfpeftive. H. Clarke, Emerfon, s'Gravefande, Hamilton, 
Kirbyj Lamy, Malton, Martin, Noble, Prieftly, and Taylor. 
The Latin Authors are, Marolois, and Andrea Prozo. The 
Italia*^ Daniello Barbaro, and Jacopo Barozzi da Vignoia. 
The French^ Cerceau, Jan Vredeman Friefe, Lamy, and 
the Jefuit. 

Pbilofophy* Blifs, Clare, Clarke, Cotes, Defaguliers, Gfeer^ 
s'Gravefande, Gregory, Hales, He]fham> Hawkfbee, Fran* 

t Jacquier, Keill, Mufchenbroek, Abbe Nollet, Pemberton, 
Prieftly, Rowning, Shaw, Stewart, Worfter, Wbifton, and 
WJiitefwje. 

Surveying. Breaks*, Burn, Emerfon, Fletcher, Gardiner*, 
Grey, Hammond, Lawrence, Wilde, and Wilfon. 

Trigonometry. Boad, Heys, Hawney, Payne, and Wilforu 
The Tables of moft note are, Gardiner's, and Sherwin's. 
That Edition of Sherwin's, revifed by Mr, Sam. Clark, it 

< the moft correft. 

Theft 
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Thefe Authors I have felefied from among fey^ral other*; 
but, as there are but few who have time and inclination to read 
fo many, I have diftinguifhed with an afterifk thofe which I 
dare venture to pronounce, from my own reading and occafional 
ufc of them, the beft written treatifes on the fubjeft, and that 

will afford the moft information in the leaft time. -Thofe 

Books, which are particularly diftinguiflied by their Data, 
Price, &c. I would ftrenuoufly recommend a very careful and 
reiterated perufal thereof, as being undoubtedly, not Only the 
beft adapted to the capacity of a learner* but containing as it 
were the very bafis on which the young mathematician 10 to 
build his whole fuperftrufture* 



ERRATA. ti 

T)AGE 3a, /. io> r. 999999; p. 95, /. 4,, from bottoriv 
for + \n the num. r 9 x ; p. 127, U 2, r. — g- , Sic. ; 

/• 167, /. 10, r. FE =: B; p> ih. 7. 5, from bottom, r* Ar j 
p. 168, L 4, r. C . 



F I N I S. 



A T T H B 
COMMERCIAL ahd MATHEMATICAL 

SCHOOL, 

In SALFORP, MANCHESTER, 

Youth are Boarded, and Inftru&ed in all thole 
Branches of Learning, which qualify them 
either for the Army, Navy, Counting-houfe, 
or any Artificer's Bufinefs. 

By H. CLARKE. 

A COURSE OFLECTURES 
ON 

GEOGRAPHY and ASTRONOMY, 

Commences Twice every Year, viz: On the Firft of 
February i and ends about Midfummer; and on the Firft 
of July, and ends in JWovember. At which Times,' any 
Perfon may enter for the Courfe. The Times of Attend- 
ance are, 3 o'Clock on Thurfday3, and 2 o'clock on 
Saturdays, in the Afternoons, at the Lefture Room 
under the School. The Terms arc, 2s. 6d. Entrance, 
and One Guinea die Courfe. 

The Heads of the Le&ures are as follow : 

AN introdu&ory Difcourfe, (hewing the Neceffity, Ufeful- 
«**■ nefs, and Excellency of the Knowledge oif'Geography, a 
Description of the Globes, with their Appendages, and other 
nccd&ry Definitions of Terms relating thereto/ with their 
DtritatKins* 

Of 



Of the feveral Portions of N the Sphere in refpeft to the 
Horizon, and of the Inhabitants of the Globe in refpe£r. of 
their Situations to one, another. 

All the ufeful Problems performed on the Terreftrial Globe* 

Of the Ufe of Maps, general aijd particular, and of the con- 
flituent Parts of the Terraqueous Globe, as they a f re delineated^ 
thereon. 

A general Defcription of the Earth and Seas; and a particular 
Defcription of Europe, in which is given the Geography of 
ancient Britain. . 

A Defcription of Alia, with the ancient Leffer Afia, and tfie 
ancient Mefopotamia, Afiyria, Babylon, or the Chaldeans, 
and Armenia, 

A Defcription of Africa and America, with aComparifon of 
the Exteat of the Four ancient Monarchies, and of the Four 
prefcnt general Religions. 

The Navigation of Ulyfles, according to Homer ; and of 
/Eneas, according to Virgil. 

, Romanum Imperium ad Acmen eveflum : or; a Defcription of 
the Roman Empire at its utmoft Height. 

The Geography of the Four ancient Monarchies, of all the 
Places mentioned in the Four Gofpels, and of the Travels and 
Voyages of St. Paul, and the other Apoftles. 

Of the Solar Syfteim The Sun and its Properties, with the 
aftronomtcal Problems relating thereto. 

The Laws, Nature, Magnitude, Di (lances, and Motions of 
the Planets, and the aftronomical Problems relating to them. 

Of the fixed Stars, their Diftance, Magnitude, Order, Nua*» 
her, Names, and Appearances, with Problems how to know, 
and where to find them in the Firmament. 

Of the Nature of Comets. 

Of the fcveral Syftems of the World, ancient and modern, He. 

And of the Origin and Reafon of the Characters, Figure;, 
and Names, given to the Planets, Signs, and ConfteHatioasj 
wi*h the claffical Stories and poetical Fictions relatingthexcto. 

In the Courfc of thefe Lectures, which are particularly, 
adapted to the Capacities of young Gentlemen ftudying the 
Claffics, and to fuch as are defirous of being acquainted with 
the A/irorum Scientia, abftra&ed from mathematical Calcu- 
lations, is (hewn the Method of finding the Latitude, froai.the 
obferved Altitude and Azimuth, by an accurate IndFMjfiejhr. 

Alfo 
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Alio the Method of making an Obfervation at Sea, by thtf 
Hadley's Quadrant* and Smeatefi's Top, &c. — — The Globes, 
Maps, Charts, and other explanatory Schemes, made Ufe of 
for illuftration, are all new, and of the bed Conftru&ioh. . 

N. B. The Tickets for Admiflion are not transferable j but 
will admit the Purchafer gratis in any future Courfe< 

No more than twelve Perfons can enter for the fame Courfe* 

. Juft PubUJbed, 

Upon a new Plan, purely adapted to the Ufe of Schools,, 
and divided into Fifty-two Leflbns, 

PRACTICAL PERSPECTIVE. 

Uluftrated with 33 Copper-plates, and moveable Schemes. 
Vol. I.Uvo. Price 5s. in boards. By H. Cla&kb, Teacher 
of the Mathematics, Salford, Manchejlcr. 

London : Printed for the Author, and fold by Mr. Murray* 
N° 32, Fleet Street. 

Speedily will be TubtiJheS, by the fame Author, 

AN Effay on the Ufefulnefs of Mathematical Learnings 
wherein is fliewn the progreffive Growth of the Mathe- 
matics, from their Infancy to the prefent Time ; and a Com- 
parifon drawn between the Ancients .and Moderns; proving 
the high Eftimation they were held in by the former, as com- ' 
prehending trolvla rd M*M/aa7a» or the whole Circle of Human 
Learning. With an Alphabetical Account of the moft eminent 
Geometers and Mathematicians, ancient and modern, and. the 
Works they have publifhed. To which is added, A Treatife 
on Magic Squares, tranflated from the French of Frenicle, as 
publifhed in Les Ouvrages de Matbefnotique far Mejjieurs de 
VAcaderme RoyaU de Sciences, with feveral Additions and Re- 
marks: A fubject, though not very interefting in itfelf, yet 
which affords the Mind a pleating Satisfaction in obferving the 
wonderful Properties of Numbers. 
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EMENDATIONS. 

The latter part of Art, 23, fhould be as follows! — 

— Add the terminate part to the numerator of the given 
f ra&ion ; remove the decimal point, and dafli off the repc- 
tends as before ; then increafe the right-hand place by the 
difference of the new terminate part and that which was 
added, and the circulate will be correft. 

Art. 32* fhould have been thus expreflcd, — 

— If the circulates to be added have the places of their 
repetends in a geometrical progreffion, of any ratio, the 
Sum, &c. 



